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Abstract5

Behavioural distances provide a quantitative approach to comparing the states of transition systems,6

moving beyond traditional Boolean notions of equivalence. In this paper, we develop a sound and7

complete axiomatisation of behavioural distance for nondeterministic processes using Milner’s charts,8

a model that generalises finite-state automata by incorporating variable outputs. Charts provide a9

compelling setting for studying behavioural distances because they shift the focus from language10

equivalence to bisimilarity. Their axiomatic study lays the groundwork for quantitative analysis of11

more expressive models, such as weighted transition systems.12

To formalise this approach, we adopt string diagrams as our syntax of choice. String diagrams13

closely mirror the graphical structure of charts, while providing a rigorous formalism that supports14

inductive reasoning and compositional semantics. Unlike traditional algebraic syntaxes, which15

require additional mechanisms such as binders and substitution, string diagrams offer a variable-free16

representation where recursion naturally decomposes into simpler components. This makes them17

well-suited for reasoning about behavioural distances and aligns with broader efforts to axiomatise18

automata-theoretic equivalences through a unified diagrammatic framework.19
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1 Introduction22

In Theoretical Computer Science, it is customary to model computations as transition23

systems. To facilitate formal analysis of such models, considerable effort has been devoted to24

developing expressive syntaxes and compositional reasoning techniques. Notable examples25

include Kleene algebra [28] and its extensions [19, 2, 52], as well as a vast body of work26

on process calculi [33, 8, 51]. A particularly important feature of such approaches is the27

presence of an axiomatisation—a set of equations that relate syntactic terms that represent28

semantically equivalent behaviours. When an axiomatisation is available, one may reason29

about model behaviour via syntactic manipulation of terms, which is particularly well-suited30

for implementation and automation.31

In many contexts, especially when dealing with probabilistic or quantitative models,32

focussing on exact equivalence of behaviours is too restrictive. Instead, it is often more33

meaningful to measure how far apart the behaviours of two terms are. This has motivated the34

development of behavioural distances, which endow the state-spaces of transition systems with35

(pseudo)metric structures quantifying the dissimilarity of states [50, 15, 7], and quantitative36

equational theories [31, 34], which replace equational judgements s = t between terms with37

quantitative ones of the form s =ε t capturing “the distance between s and t is at most ε”.38

Behavioural distances have mostly been studied for probabilistic systems [15, 50]. More39

recently, there has been growing interest in understanding distances in a general categorical40

framework and how this would yield coarser notions of equivalence for a variety of systems [7].41

The instantiations of that framework, and in particular axiomatisations of distances, are42

largely unexplored, with the exception of one for deterministic automata [40].43

In this paper, we take a step further and investigate axiomatisations of behavioural distance44

for a nondeterministic model of computation, known as charts [33]. Originally introduced by45
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4 and their corresponding representations as string diagrams

Milner, charts extend finite-state nondeterministic automata (NFA) by replacing the notion46

of acceptance with variable outputs. Intuitively, the distance between two charts can be47

quantified by, roughly, the number of steps after which their behaviours disagree—i.e. are48

no longer bisimilar. This seemingly small generalisation from deterministic finite automata49

provides a range of challenges, stemming from the fact that the presence of non-determinism50

moves the semantics from language to bisimilarity, while at the same time representing a51

crucial step towards weighted transition systems [29], where the general theory of behavioral52

distances and axiomatisations thereof is relatively underexplored.53

The central contribution of this paper is an inference system for reasoning about behavi-54

oural distances of behaviours of Milner’s charts. We demonstrate its soundness (Theorem 16)55

and completeness (Theorem 31). On the way, we gather several contributions of independent56

interest. First, we instantiate the abstract framework of behavioural distances in the concrete57

case of charts. We organise such behaviours as a symmetric monoidal category, in which they58

may be composed sequentially and in parallel. We do so relying on rich structures associated59

with charts, such as Conway Theories [9, 54]. Second, as one of the steps in the soundness60

argument, we give a concrete characterisation of behavioural distance between charts via61

Hennessy and Milner’s stratification of bisimilarity [22]. Finally, the completeness argument62

makes use of tools from fixpoint theory to simplify the calculation of behavioural distance to63

the point it can be mimicked via syntactic manipulation.64

The syntax and equations of our complete axiomatic theory are given in terms of string65

diagrams, the two-dimensional language of monoidal categories [43, 39]. The pictorial66

representation of string diagrams provides an intuitive understanding of how information67

flows and is exchanged between components within a system. For this reason, they have68

been increasingly popular as a formal language for computations and processes in areas69

such as quantum theory [12], concurrency [10], probabilistic programming [37], and digital70

circuits [16]. There are several reasons to favour string diagrams as our syntax of choice. First,71

they closely resemble the usual graphical representation of the transition structure of charts,72

while constituting a formal syntax that supports inductive reasoning and to which we can73

assign semantics formally. Moreover, as Milner observed [33], the standard algebraic syntax of74

regular expressions is not expressive enough to capture all chart behaviour [18]. His solution75

introduced a more complex syntax with binders and names, later studied in the process76

algebra community for various models, including probabilistic [47] and quantitative [24]77

ones. In contrast, string diagrams offer a variable-free approach, eliminating the need to78

define substitution and recursion as a primitive operation (the latter is decomposed into79

simpler components). Finally, using string diagrams aligns our work with a broader research80

programme aimed at axiomatising various notions of equivalence in automata theory through81

a unified diagrammatic syntax [38, 3].82
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Outline. In Section 2, we introduce charts, as well as their associated notions of behavioural83

equivalence and distances. Then, in Section 3, we introduce the syntax of our diagrammatic84

calculus, for which we construct the semantics in Section 4. Next, in Section 5 we present a85

(quantitative) equational inference system for reasoning about distances of the denotations86

of the terms of our calculus; we also prove its soundness and study one example in more87

detail. Section 6 contains the main technical result of the paper, namely completeness for88

the proposed behavioural distance between charts. We wrap up in Section 7 where we review89

related literature, and sketch directions for future work.90

2 Preliminaries91

In this section, we briefly review Milner’s charts [33], whose behaviours are the central92

semantic object of this paper. Then, we instantiate the abstract framework of coalgebraic93

behavioural metrics [7] to the concrete case of charts.94

(Pre)charts and their algebraic operations. Fix a set V = {v1, v2, . . . } of variables95

and Σ of letters respectively. A prechart is a triple (Q, E, D), where Q is a set of states,96

D ⊆ Q × Σ × Q a finite labelled transition relation and E ⊆ Q × V is a finite output relation.97

Precharts can be thought as a generalisation of nondeterministic automata, where instead98

of acceptance, we deal with the notion of outputs. Given a q ∈ Q, we will often write99

D(q) = {(a, q′) | (q, a, q′) ∈ D} and E(q) = {v | (q, v) ∈ E}. Moreover, when D and E are100

clear from the context, we will write q a−→ q′ ⇐⇒ (q, a, q′) ∈ D and q▷v ⇐⇒ (q, v) ∈ E. A101

chart C is a quadruple (Q, s, D, E), where (Q, D, E) is a prechart and s ∈ Q is a distinguished102

start node. We call a chart finite if Q is finite. There are several operations on charts that103

will be of interest in this paper.104

Empty chart. We set 0 := ({s}, s, ∅, ∅).105

Variable. Given v ∈ V , we define v := ({s}, s, ∅, {(s, v)}).106

Prefix. Let C = (Q, s, D, E) be a chart and a ∈ Σ. We define a.C := (Q ∪ {s′}, s′, D ∪107

{(s′, a, s)}, E), where s′ /∈ Q.108

Nondeterministic choice. Let Ci = (Qi, si, Di, Ei), i ∈ {1, 2}. For simplicity of
presentation, we assume Q1, Q2 to be disjoint and s /∈ Q1 ∪ Q2. We define

C1 + C2 := (Q1 ∪ Q2 ∪ {s}, s, D1 ∪ D2 ∪ D′, E1 ∪ E2 ∪ E′)

where D′ := {s} × (D(s1) ∪ D(s2)) and E′ := {s} × (E(s1) ∪ E(s2)).109

Substitution. Let C⃗ = (C1, . . . , Cn) and C be disjoint charts, and let v⃗ = (v1, . . . , vn)
be distinct variables. We define

C[C⃗/v⃗] =
(

Q ∪
⋃

i

Qi, {s}, D′ ∪
⋃

i

Di, E′ ∪
⋃

i

Ei

)
where for q ∈ Qi, D′(q) = E′(q) = ∅, while for q ∈ Q, D′(q) = D(q)∪

⋃
i {Di(si) | vi ∈ E(q)}110

and E′(q) = (E(q) \ v⃗) ∪
⋃

i {Ei(si) | vi ∈ E(q)}.111

Recursion. If C = (Q, s, D, E), then we define µv.C := (Q, s, D+, E+), where112

D+(q) =
{

D(q) ∪ D(s) if v ∈ E(q)
D(q) otherwise

E+(q) =
{

(E(q) ∪ E(s)) \ {v} if v ∈ E(q)
E(q) otherwise

113

When applied to finite charts, the operations above preserve finiteness. Given a chart114

C = (Q, s, D, E) we say that a variable v ∈ V is live in C if there exists a path of transitions115

s a1−→ · · · an−−→ s′ ▷ v or call it dead otherwise. The canonical notion of (pre)charts having116

the same observational behaviour is given through the following concept.117
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▶ Definition 1 (Strong Bisimulation). Let Ci = (Qi, Di, Ei), i ∈ {1, 2} be precharts. A118

bisimulation between C1 and C2 is a relation R ⊆ Q1 × Q2, such that 1 if (q1, q2) ∈ R,119

then E(q1) = E(q2), 2 if (q1, q2) ∈ R and q1
a−→ q′

1, then there exists q′
2 ∈ Q2, such that120

q2
a−→ q′

2 and (q′
1, q′

2) ∈ R and symmetrically. If C1 and C2 are charts, we say that they are121

bisimilar (denoted C1 ∼ C2) if there exists a bisimulation between their underlying precharts122

that relates their start nodes.123

It immediately follows that ∼ is an equivalence relation on the set of finite charts. We call124

this relation bisimilarity and we will write Ω for the set of all finite charts modulo bisimilarity.125

We will refer to the elements of this set as regular behaviours. Conveniently, ∼ is a congruence126

with respect to all operations described above and hence one can unambiguously extend all127

the mentioned operations to elements of Ω [33, Proposition 3.2]. Let [C1], [C2] ∈ Ω, such that128

C1 = (Q, s, D, E) and C2 = (Q, s′, D, E). One can make Ω into prechart itself by setting129

[C1] a−→ [C2] ⇐⇒ s a−→ C1
s′ and [C1] ▷ v ⇐⇒ s ▷C1 v.130

▶ Definition 2 (Prechart homomorphism). Let Ci = (Qi, Di, Ei), i ∈ {1, 2} be precharts.131

We call a function f : Q1 → Q2 a prechart homomorphism if the graph of f , given by132

G(f) = {(q, f(q)) | q ∈ Q1} is a bisimulation between C1 and C2.133

Fix a prechart C = (Q, D, E). A map taking each state s ∈ Q to the equivalence class134

[(Q, s, D, E)] in Ω is a homomorphism from C into prechart on Ω. It can be easily observed135

that bisimulations and homomorphisms preserve the liveness of variables. From now on, we136

will abuse the notation and omit the quotient brackets when talking about elements of Ω.137

Pseudometric spaces. We will formally give the notion of distance between regular138

behaviours by equipping them with a pseudometric structure, a mild generalisation of metric139

spaces, where we drop the requirement of points in zero distance having to be strictly equal.140

This stems from the fact that in precharts we might have two states with identical behaviour141

(and hence zero distance), which are not strictly equal (but rather bisimilar).142

▶ Definition 3. A 1-bounded pseudometric space is a pair (X, dX), where X is a set and143

dX : X × X → [0, 1] is a function satisfying 1 dX(x, x) = 0 (Reflexivity), 2 dX(x, y) =144

dX(y, x) (Symmetry) and 3 dX(x, z) ≤ dX(x, y) + dX(y, z) (Transitivity) for all x, y, z ∈ X.145

In this paper, all pseudometric spaces are 1-bounded, and hence we will abuse the terminology146

and simply call them pseudometric spaces. We call a function f : X → Y between pseudomet-147

ric spaces (X, dX) and (Y, dY ) nonexpansive, if dY (f(x), f(y)) ≤ dX(x, y) for all x, y ∈ X. It148

is called an isometry if it satisfies dY (f(x), f(y)) = dX(x, y). Given two pseudometric spaces149

(X, dX) and (Y, dY ) one can define their product to be (X, dX) × (Y, dY ) = (X × Y, dX×Y ),150

where dX×Y ((x, y), (x′, y′)) = max{d(x, x′), d(y, y′)} for all x, x′ ∈ X and y, y′ ∈ Y . This151

can be easily extended to any n-tuple. We define 0-tuples to be given by 1• = ({•}, d•),152

the unique single point pseudometric space, where d•(•, •) = 0. Given a function of mul-153

tiple arguments, i.e. X1 → X2 → Y , we will call it nonexpansive, if it is nonexpansive154

as a function f : (X1, dX1) × (X2, dX2) → (Y, dY ). Given a set X, we write DX for the155

set of all pseudometrics on the set X. This set carries a partial order structure, given by156

d ⊑ d′ ⇐⇒ ∀x,x′∈X d(x, x′) ≤ d′(x, x′). For any X, (DX , ⊑) is a complete lattice [7,157

Lemma 3.2], where supremas can be calculated pointwise. The top element of that lattice158

is given by the discrete pseudometric ⊤ : X × X → [0, 1] such that ⊤(x, y) = 0 if x = y, or159

⊤(x, y) = 1 otherwise.160

Behavioural distances. We now have all the ingredients to formalise the concept of how161

much apart two regular behaviours are. Notation wise, we will write Pfin(X) for the set of162

finite subsets of the set X. Given a prechart (Q, E, D), we can equivalently see it as a pair163
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(Q, β), where β is a combined transition function Q → Pfin(Σ × Q + V ) taking each state164

q ∈ Q, to the set β(q) = D(q) ∪ E(q) of possible successors, that include labelled transitions165

and variable outputs. Given a pseudometric space defined on a state-space of a prechart, we166

can lift it to the set of possible transitions through the following construction.167

▶ Definition 4 (Transitions lifting). Let (X, d) be a pseudometric space. We write d↑ for the168

pseudometric on Σ × X + V defined by d↑(m, n) = 1
2 d(x, y) if m = (a, x) and n = (a, y),169

d↑(m, n) = 0 if m = n or d↑(m, n) = 1 otherwise.170

Similarly, we can lift distances over X to distances between elements of Pfin(X).171

▶ Definition 5 (Hausdorff lifting). Let (X, d) be a pseudometric space. We can equip Pfin(X)172

with a distance function H(d)(X, Y ) = max{supx∈X infy∈Y d(x, y), supy∈Y infx∈X d(y, x)}173

making (Pfin(X), H(d)) into a pseudometric.174

Given a prechart (Q, β), whose state-space is equipped with a pseudometric dQ, we can175

define a new pseudometric Φβ(dQ) that calculates the distance between any pair q1, q2 ∈ Q176

of states, by lifting dQ to the set Pfin(Σ × Q + V ) and comparing β(q1) with β(q2), namely177

Φβ(dQ)(q1, q2) = H
(

d↑
Q

)
(β(q1), β(q2)). This is used to define the behavioural distance.178

▶ Theorem 6. Let (Q, β) be a prechart. Then, the following properties hold: 1 dQ 7→ Φβ(dQ)179

is a monotone mapping on the lattice DQ, 2 Φβ has a least fixpoint bdβ, 3 x ∼ y =⇒180

bdβ(x, y) = 0 and 4 a homomorphism f : Q → R between precharts (Q, β) and (R, γ) is an181

isometry between (Q, bdβ) and (R, bdγ).182

The theorem above allows one to define a distance between regular behaviours, by calculating183

the distance in the prechart structure on Ω. We will simply refer to this distance as the184

behavioural distance and denote it by bd. Since prechart homomorphisms are isometries, given185

two finite charts C1 and C2, their distance is given by bd([C1], [C2]), the distance between186

their corresponding regular behaviours. Such distance can be characterised concretely via187

Hennessy and Milner’s stratification of bisimilarity [22].188

▶ Definition 7 (Stratification of bisimilarity). Let Ci = (Qi, Di, Ei) for i ∈ {1, 2} be precharts.189

We can define a family {∼(n)}n∈N of equivalence relations on Q1 × Q2 given by the following.190

For all (q1, q2) ∈ Q1 × Q2, we have that q1 ∼(0) q2. Given (q1, q2) ∈ Q1 × Q2, we have that191

q1 ∼(n+1) q2 if 1 E1(q1) = E2(q2), 2 q1
a−→ C1

q′
1 implies that there exists q′

2 ∈ Q2, such192

that q2
a−→ q′

2 and q′
1 ∼(n) q′

2 and symmetrically.193

We can now formally state the correspondence between behavioural distance and stratification194

of bisimilarity.195

▶ Theorem 8. Let Ci = (Qi, si, Di, Ei) for i = {1, 2} be finite charts. We have that196

bd([C1], [C2]) = 0 if s1 ∼ s2. Otherwise, bd([C1], [C2]) = 2−n, where n ∈ N is the largest197

such that s1 ∼(n) s2.198

3 Monoidal Syntax199

We adopt the diagrammatic syntax for NFA that has appeared in a number of previous200

papers [38, 3]. We refer the reader to Selinger’s classic survey [43], or to Piedeleu and Zanasi’s201

recent text for a more gentle introduction to the language of string diagrams [39].202

This syntax is formalised as a product and permutation category, or prop, a structure which203

generalises algebraic theories. Formally, a prop is a strict symmetric monoidal category (SMC)204
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whose objects are words over a set of generators and whose monoidal product ⊕ is given by205

concatenation. More specifically, our syntax is the free prop TS over the signature S = (O, M),206

given by a set O of generating objects and a set M of generating morphisms g : v → w, with207

v, w ∈ O∗ (we use ϵ to denote the empty word). Morphisms of TS can be combined in two208

different ways, using the composition operation (−); (−) : TS(u, v) × TS(v, w) → TS(u, w) or209

the monoidal product (−) ⊕ (−) : TS(v1, w1) × TS(v2, w2) → TS(v1v2, w1w2). We also have210

distinguished constants: identities idw : w → w, which are the unit for composition, and211

symmetries σv
w : vw → wv, to reorder the letters of a given object. In summary, morphisms212

of TS can be described as terms of the (O∗, O∗)-sorted syntax generated from the constants213

M + {idw : w ∈ O∗} + {σv
w : v, w ∈ O∗} using the operations ; and ⊕, quotiented by the214

axioms of SMCs. However, the terms of this syntax are very cumbersome to work with.215

We adopt a more convenient way to represent morphisms of TS, using the graphical216

notation of string diagrams. In this view, a morphism f : v → w of TS is depicted as a217

f -labelled box with a v-labelled wire on the left and a w-labelled wire on the right. The218

operations of composition and monoidal product are represented by connecting two boxes219

horizontally and juxtaposing two boxes vertically, respectively:220

f
u v g w

f1

f2

v1 w1

v2 w2
221

Wires w represent identities, the wire crossing v

w

represents the symmetry σv
w, and222

the empty diagram the identity idϵ : ϵ → ϵ.223

▶ Definition 9. We call Syn the free prop over the signature given by224

two generating objects ◀ ("left") and ▶ ("right"), with their identity morphisms depicted225

respectively as and ;226

generating morphisms a (a ∈ Σ).227

Morphisms of Syn are thus vertical and horizontal composites of the generators above,228

potentially including wire crossings and identity wires, up to the laws of symmetric monoidal229

categories—see Section 9. The direction of the arrows on the wires denotes the corresponding230

object: for example, represents an operation of type ▶→▶▶, while has type ◀▶→ ϵ.231

Note that, when we have n parallel wires of the same type, say ▶, we depict them as a single232

directed wire labelled by a natural number label, as n. We call inputs the incoming233

wires of a diagram, and outputs its outgoing wires; formally, the inputs (resp. outputs) of234

f : v → w are the set of positions of the word v which are ▶ (resp. ◀) and the position of w235

which are ◀ (resp. ▶).236

4 Monoidal Semantics237

In order to interpret the string diagrams described in Section 3, we construct an appropriate238

semantic universe out of regular behaviours. As much as the technical development makes use239

of category theory, we will keep the description of the formalism high-level. The fine-grained240

details are relegated to Section 10. We will write Vn for the set Vn = {v1, . . . , vn} ⊆ V and241

Ω(n) for the set of all regular behaviours whose live variables are contained in the set Vn.242

For any m, n ∈ N, we will write RegBeh(n, m) for the set of n-tuples of elements of Ω(m).243

There are several operations involving these sets that are of interest:244

Identity. For every n ∈ N, we define idn ∈ RegBeh(n, n) as idn = v⃗n = (v1, . . . , vn).245

When n is clear from the context, we will abuse the notation and simply write v⃗ instead.246
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Sequential composition. Given f ∈ RegBeh(m, n) and g ∈ RegBeh(n, p), we can define247

their sequential composition f ; g ∈ RegBeh(m, p) to be given by (f1[g⃗/v⃗], . . . , fm[g⃗/v⃗]),248

where v⃗ = (v1, . . . , vn). The sequential composition is associative, with identity being a249

neutral element when composed both on the left and right (see Lemma 56 in the appendix250

of the full version of the paper).251

Initial object. For every n ∈ N, there is a unique element 0n ∈ RegBeh(0, n) given by252

the empty tuple.253

Pairing. Given f ∈ RegBeh(k, m) and g ∈ RegBeh(l, m), we define their pairing ⟨f, g⟩ ∈254

RegBeh(k + l, m), by setting ⟨f, g⟩ = (f1, . . . , fk, g1, . . . gl).255

Parallel composition. Given f ∈ RegBeh(k, l) and g ∈ RegBeh(m, n), we can define
their parallel composition f ⊕ g ∈ RegBeh(k + m, l + n), by setting

f ⊕ g = (f1, . . . , fk, g1[(vl+1, . . . , vl+n)/v⃗], . . . , gm[(vl+1, . . . , vl+n)/v⃗])

Codiagonal. For any n ∈ N, there is a n + n-tuple ∇n ∈ RegBeh(n + n, n) called256

codiagonal given by ∇n = ⟨idn, idn⟩.257

Dagger. For any f ∈ RegBeh(1, p + 1), we can define f† ∈ RegBeh(1, p) to be given by258

f† = µvp+1.f . Following [54, Remark 3.2], we can inductively extend the dagger to the259

map taking each f ∈ RegBeh(n, p + n) to f† ∈ RegBeh(n, p).260

Categorical structure. We now define a category RegBeh, whose objects are natural261

numbers and morphisms f : m → n are elements f ∈ RegBeh(m, n). This category has a rich262

structure that will be useful when defining the semantics of our diagrammatic language.263

▶ Theorem 10. The category RegBeh has the following properties:264

RegBeh has all finite coproducts.265

(RegBeh, ⊕, 0) is a (co-Cartesian) strict symmetric monoidal category.266

RegBeh equipped with a dagger is a Conway theory [54].267

Each morphism g : p + n → q + n has a trace Trn
p,q(g) : p → q defined in terms of (−)†.268

This equipment makes RegBeh into a traced monoidal category [25].269

Pseudometric structure. RegBeh additionally carries a well-behaved pseudometric270

structure. For all m, n ∈ N each set RegBeh(m, n) can be made into a pseudometric271

space by equipping it with a distance function, given by dm,n((f1, . . . , fm), (g1, . . . , gm)) =272

sup1≤i≤m {bd(fi, gi)}. Intuitively, we calculate the distance between m-tuples of regular273

behaviours, by taking the pointwise behavioural distance of elements of tuples and then274

taking the maximum. In the corner case, when both tuples are empty, then they are simply275

at distance zero. This equipment satisfies the following property.276

▶ Proposition 11. Equipping each set RegBeh(m, n) of morphisms of RegBeh with a pseudo-277

metric defined above makes a sequential composition, pairing, parallel composition, dagger278

and trace into nonexpansive maps.279

▶ Remark 12. Although we do not pursue such a perspective in this paper, a categorically280

inclined reader may observe that equipping RegBeh with a pseudometric structure yields an281

enrichment over PMet—the monoidal category of pseudometric spaces with the categorical282

product as its monoidal product. Since PMet is a concrete category (i.e., it admits a faithful283

functor to Set), the conditions for enrichment simplify significantly: they reduce to verifying284

that all the relevant operations (composition, monoidal product, etc.) are nonexpansive285

on each homset and that the components of the natural transformations that define the286

monoidal structure are nonexpansive maps, which is exactly what we have shown above.287

For further details on pseudometric enrichment of monoidal categories and quantitative288

equational theories, we refer the reader to the recent work of Lobbia et al. [30].289
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Bidirectional maps and loops. Each morphism f : m → n of RegBeh can be informally290

thought of as a process that has directionality to it, i.e. it takes m inputs and produces n291

outputs. Informally speaking, the trace operator provides a global feedback operation. At292

the same time, the syntax of our diagrammatic language is bidirectional and the notion of293

feedback is introduced locally by bending the wires. To reconcile these points of view, we294

rely on the Int construction [25], which takes a traced monoidal category C and completes it295

into a compact closed category Int(C), a categorical structure with sequential and parallel296

composition equipped with duals (allowing to swap directionality) and adjoints (allowing to297

form local loops representing feedback) [26]. Int(C) carries the same information as C, but298

represents it in an alternative, bidirectional way. We now briefly describe Int(RegBeh) (see299

Section 10.3 for more detail).300

The objects of Int(RegBeh) are pairs (m, n) of natural numbers.301

A morphism f : (k, l) → (m, n), representing a process with k left inputs, l left outputs,302

m right outputs and n right inputs is a map f : k + m → l + n in RegBeh, i.e. we group303

inputs and outputs together. Composition of f : (k, l) → (m, n) and g : (m, n) → (p, q) is304

defined by forming a trace that resolves the feedback involving m and n.305

The parallel composition of f : (m, n) → (p, q) and g : (m′, n′) → (p′, q′) is given by the306

map f ⊗ g : (m + m′, n + n′) → (p + p′, q + q′) that is defined via parallel composition in307

RegBeh combined with an appropriate reordering of elements of tuples involved.308

A dual of the object (m, n) of Int(RegBeh) is given by (n, m). Intuitively, inputs become309

swapped with outputs. For each object (m, n) of Int(RegBeh), there is a unit map310

η(m,n) : (0, 0) → (m + n, m + n) and counit ϵ(m,n) : (m + n, m + n) → (0, 0). These311

represent the bending of the wires on the right and left respectively. Following [25], one312

can equip Int(RegBeh) with a trace operator defined in terms of the units and counits.313

Int(RegBeh) inherits the pseudometric structure from RegBeh, by setting d(k,l),(m,n) to314

be given by dk+n,l+n (defined before).315

The following theorem intuitively states that on directional processes Int(RegBeh) is exactly316

the same as RegBeh.317

▶ Theorem 13 ([25, Proposition 5.1]). There is a full and faithful traced monoidal functor318

N : RegBeh → Int(RegBeh) that takes each f : n → m in RegBeh to f : (n, 0) → (m, 0)319

Moreover, the pseudometric structure interacts well with the operations of Int(RegBeh).320

▶ Proposition 14. The sequential and parallel composition in Int(RegBeh) is nonexpansive.321

Moreover, the fully faithful functor N : RegBeh → Int(RegBeh) is locally an isometry, i.e.322

for all f, g : m → n, we have that dm,n(f, g) = d(m,0),(n,0)(N(f), N(g)).323

Functorial semantics. We are ready to state the semantics of our diagrammatic language324

J−K : Syn → Int(RegBeh) as a symmetric monoidal functor from Syn to Int(RegBeh). Since325

the syntax is a freely generated prop, in order to interpret arbitrary string diagrams it is326

enough to just define the interpretation of the generating morphisms of Syn. We have:327

r z
= N(v1 + v2) J K = N(0) J K = N(())

r z
= N(∇1)328

J a K = N(a.v1)
r z

= ϵ(1,0)

r z
= η(1,0)329

We interpret as nondeterministic choice, as the behaviour of the empty chart,330

while and correspond to the empty tuple and joining the variables respectively.331

For each letter a ∈ Σ of the alphabet, we view a as the prefixing operation. Finally,332

and are interpreted using counit and unit of Int(RegBeh) allowing one to create loops.333
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5 Axiomatisation334

Our main aim in this paper is to find a set of (quantitative) equations to reason about335

semantic distance directly at the level of the diagrams themselves. To do so, we distinguish336

two different relations on diagrams of the same type:337

An equational theory intended to capture (strong) bisimilarity of regular behaviours,338

allowing us to simplify the diagrams whose distance is being compared.339

A quantitative equational theory intended to capture the behavioural distance of Section 4,340

that is the subject of the completeness theorem (Theorem 31) described in Section 6.341

Note that this theory contains the equational axioms as rules for distance zero.342

Equational theory. Our equational theory is the smallest congruence (w.r.t to vertical343

and horizontal compositions) that includes the axioms of Fig. 2. In practice, this means344

that, if we find a sub-diagram that matches one side of an axiom in a larger diagram, we can345

replace it with the other side of the axiom (the left and right-hand side of any axiom have346

the same type) [39, Section 2.1].

(A1)= (A2)= (B1)=

(B2)= (B3)= (B4)=

(B5)= (B6)= (B7)= (B8)=

(B9)= (B10)= (B11)= a
(C1)= a

a

Figure 2 Equational axioms for regular behaviours.

347

Axioms A1-A2 are those of compact closed categories [26] and allow us to bend and348

straighten wires at will, only keeping track of their directions. Crucially, they also allow us349

to manipulate feedback loops. B1-B3 encode the fact that and form a cocommut-350

ative comonoid. These guarantee that nondeterministic choice behaves like a commutative,351

associative and unital operation in our diagrammatic syntax. At the same time, B4-B6352

are the dual of the previous three, and make and into a commutative monoid.353

These guarantee that output wires behave like the variables of our diagrammatic syntax.354

B7-B9 make the previous monoid-comonoid pair into a bimonoid, while B10 makes non-355

deterministic choice an idempotent operation. Axiom B11 allows us to remove unguarded356

loops, while C1 encodes the fact that merging tuples of variables interacts as expected with357

prefixing: (a.v1, a.v2); (v1, v1) = (a.v1, a.v1). Note that, if we replace the with ,358

the resulting equality (prefixes distribute over nondeterministic sum) is not valid.359

▶ Lemma 15 (Soundness). For any two diagrams f, g : v → w of Syn, if f = g then360

JfK = JgK.361

Quantitative theory. We define Eq to be the set of triples of the form (s, ε, t), where362

s, t are string diagrams of the same type and ε ∈ Q≥0, to be the least set closed under the363

rules of Fig. 3. We will call elements of that set derivable equations. For any two diagrams364

f, g : v → w of Syn, we say a quantitative equation f ≡ε g is valid if dJvK,JwK(JfK , JgK) ≤ ε.365

Analogously, an inference rule is valid if, whenever all quantitative equations in the premise366

are valid, then the equation in the conclusion in the equation is also valid. We now briefly367

explain each of the rules of our inference system depicted on Figure 3. (Refl), (Sym) and368
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f
nm

≡ε g
nm

a⃗ ∈ Σm

a⃗ f nm ≡ϵ/2 a⃗ g nm
(Pref)

f wv ≡ε g wv ε
′ ≥ ε

g wv ≡ε′ f wv
(Max)

f wv = g wv

f wv ≡0 g wv
(Refl)

f wv ≡ε g wv

g wv ≡ε f wv
(Sym)

{
f wv ≡ε′ g wv

}
ε′>ε

f wv ≡ε g wv
(Cont)

f wv ≡ε1 g wv g wv ≡ε2 h
wv

f wv ≡ε1+ε2 h
wv

(Triang)

f vu ≡ε1 h
vu g wv ≡ε2 i

wv

fu v g w ≡max{ε1,ε2} h
u v

i
w

(Seq) f wv ≡1 g wv
(Top)

f1
w1v1 ≡ε1 g1

w1v1 f2
w2v2 ≡ε2 g2

w2v2

f1

f2

v1 w1

v2 w2
≡max{ε1,ε2}

g1

g2

v1 w1

v2 w2

(Tens)
n ≡0 d

m n
(Codel)

Figure 3 Quantitative axioms for regular behaviours.

(Triang) respectively capture reflexivity, symmetry and triangle inequality of pseudometric369

spaces. Importantly, rule (Refl) allows one to state that equal diagrams (modulo strictly370

equational rules described above) are at distance zero of each other. (Top) allows us to state371

that any two diagrams are at most within distance 1 of each other, while (Max) allows one372

to always weaken the bound on the distance at which two diagrams are. (Cont) is the key373

analytic inference rule here: it allows us to conclude that two diagrams are within distance374

ε, provided we can show that they are within all distances that are strictly greater than375

ε, thereby passing to the limit. Next, (Seq) and (Tens) relate the horizontal and vertical376

compositions of diagrams to the distance. There are two domain-specific rules that we use.377

(Pref) witnesses the fact that prefixing by the same actions decreases the distance by half.378

Note that it applies to diagram ▶m→▶n and that we use a⃗
mm to denote the vertical379

composition of m many a generators, for any m ∈ N. We note that the factor 1
2 used in380

Definition 4 can be replaced with arbitrary real number k ∈ [0, 1], but this would require381

appropriately changing the rule (Pref), as it is the case in the quantitative axiomatisation of382

the behavioural distance of DFA [40].383

(Codel) axiom encodes that any diagram with no initial state has no behaviour and is384

therefore at distance zero of the empty chart.385

Through a straightforward structural induction, one can show the soundness of the386

proposed quantitative rules.387

▶ Theorem 16 (Quantitative soundness). Every derivable equation f ≡ε g is valid.388

▶ Example 17. We revisit the charts from Figure 1 and axiomatically show that their389

distance is bounded by 1
4 . We use compositionality to our advantage and break them into390

two parts which we will compose later with the (Comp) rule. First, we have391

392
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1

≡1 a

(Top)

a ≡1/2 a

a

(Pref)

a (B6;B5)=
a

≡1/2
a

a

(Unroll)= a

(Comp)

a
≡1/2 a

(Refl;Triang)

a
a ≡1/4 a

a

(Pref)

a

b
a

b

(C1)=
a

a

b
≡1/4

a

a
b

(Unroll)=
a

b

(Comp)

a

b
a

b

≡1/4
a

b

(Refl;Triang)

393

In the rules labelled with (Refl; Triang) we have used the strict equality of diagrams394

to simplify the quantitative equations. The equalities marked with (Unroll) follow from395

Lemma 20, which we state in the next section. Then, for the second part of our diagrams,396

we can show 2 , as depicted below.397

398

2

a ≡1
a a

(Top)

a
a ≡1/2

a a
a

(Pref)

a (C1)= a

a

≡1/2 a

a
a

(Refl;Triang)

a ≡1/2
a a

(Refl;Triang)

3 a ≡ε
a a

4 a ≡0
a a

399

Then, using the same reasoning, we can show 3 for ε = 1/2n for any n ∈ N, and thus400

for any ε > 0. Finally, the (Cont) rule allows us to conclude 4 . Finally, combining 1401

and 4 together with the (Comp) rule, allows us to recover the equality we wanted to show:402

a

b a
a

b

≡1/4
a

b
aa403

6 Completeness404

We finally arrive at the main technical section of the paper, where we gradually present a405

sequence of results leading to the completeness of our axioms for the behavioural distance.406

First, we show that we can safely focus solely on ▶m→▶n diagrams. Then, through407

an analytic proof relying on (Cont) rule, we show that each diagram can be co-copied.408

Consequently, we can decompose any ▶m→▶n diagram into a collection of ▶→▶n diagrams,409

which correspond to individual charts. We argue that each of those ▶→▶n diagrams has a410

normal form from which one can extract a finite prechart structure. The distance between411

states of this prechart precisely captures the distance between the diagrams being related412

and very importantly, admits a simple characterisation that can be simulated through the413

inference rules of our system, eventually leading to the completeness result.414

Left-to-right diagrams. The following result allows us to turn any bidirectional diagram415

into a left-to-right one by appropriately bending the wires using and . We will see later416
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that this process does not change distances between diagrams.417

▶ Lemma 18. There are bijections between the sets Syn(v1◀v2, w) and Syn(v1v2, w▶), and
between Syn(v, w1◀w2) and Syn(v▶, w1w2), i.e. between sets of string diagrams of the form

v1
w

v2 and
v1 w

v2 as well as between
w1

v
w2 and

w1v

w2

where v, w, vi, wi are words over {▶,◀}.418

A block is simply a diagram freely composed from a restricted set of generators (possibly419

including identities and symmetries). In this paper, we will make use of two special kinds of420

diagrams that can be factored into blocks:421

A matrix-diagram is a diagram ▶m→▶n that factors as a composition of a block of422

, , another of a for a ∈ Σ, and a last one of , . A matrix-diagram is423

guarded when any path from left to right port encounters at least one a . In Lemma 86424

in the appendix of the full version of the paper, we show that one can generalise (Pref)425

inference rule to arbitrary guarded matrix-diagrams, rather than just vectors of a .426

In other words, prepending a guarded matrix-diagram to any pair of diagrams contracts427

the distance between them.428

A relation-diagram is a diagram ▶m→▶n that factors as a composition of a block of429

, followed by the block of , .430

Intuitively, matrix-diagrams are representations of labelled transition relations, while relation-431

transition diagrams are representations of the output relations. This idea can be captured432

formally through the notion of a representation. For a diagram d :▶m→▶n, a representation433

is a pair (a, o) of a guarded matrix-diagram c :▶ℓ+m→▶ℓ+m and a relation-diagram o :434

▶ℓ+m→▶n, such that435

d
nm = oc∗

ℓ ℓ
n

m :=

ℓ

o

c

nm
(1)436

Using the rules of =, we can rearrange the any diagram into the form described above.437

▶ Theorem 19. Any diagram ▶m→▶n has a representation.438

The matrix-diagram in the representation that is being fed through feedback, can be unrolled.439

440

▶ Lemma 20. For any matrix-diagram d :▶n→▶n, d =
d

d
.441

We informally state the following connection between representations and charts.442

▶ Remark 21. The diagrammatic syntax presented in our paper is expressive, that is, the443

semantics of every chart can be equivalently encoded as an appropriate diagram. More444

explicitly, to encode a chart (Q, s, D, E) we first define its transition relation D as a matrix-445

diagram c and its outputs E as a relation diagram o; we then compose them together as446

in (1) following the definition of representations above. Semantically, this corresponds to447

taking a dagger (Lemma 68), which solves the system of equations (described by c and o)448

using µ operation on charts, recovering the original expressivity result for Milner’s operations449

on finite charts [33, Corollary 5.8], as summarised in Section 2. Co-deleting all input wires450

except the one corresponding to the initial state s ∈ Q, yields a diagram whose semantics451

coincides precisely with the semantics of the chart of interest.452
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Co-copying. Bringing each diagram to a form corresponding to its representation, combined453

with the usage of unrolling (Lemma 20) and generalisation of (Pref) to guarded matrix-454

diagrams (Lemma 86) allows to show that the following two diagrams are arbitrarily close455

and hence by (Cont) are in zero distance456

▶ Theorem 22. For any diagram d :▶m→▶n, we have that d
m

n

d
m

≡0 d

m
n

m .457

A very important consequence of the above combined with the usage of (Codel) rule is458

the fact that each ▶m→▶n diagram can be separated to a collection of ▶→▶n intuitively459

corresponding to individual entries of tuples being manipulated in RegBeh.460

▶ Lemma 23. Let f :▶m→▶n and define fi to be the diagram ▶→▶n obtained by composing461

all but the i-th input of f with (co-deleting all inputs except the i-th one). We have that462

f
nm ≡0

f1

fm

n

n

n

...463

Moreover, in Lemma 89 in the appendix of the full version of the paper, we show that the464

behavioural distance between the denotations of arbitrary diagrams f, g : ▶m→▶n is simply465

the maximum of the component-wise distances between each fi and gi for i ∈ {1, . . . , m}.466

From now on, we will temporarily shift focus to ▶→▶n diagrams.467

One-to-n diagrams. Each of the ▶→▶n diagrams represents a behaviour of the single state468

of the prechart structure on Ω or equivalently, defines a chart. Turns out that appropriately469

combining these diagrams corresponds to operations on charts described in Section 2.470

▶ Lemma 24. For any two c, d :▶→▶n, we have that
u

v
e

n
n

n

f

}

~ = JeK + JfK.471

This operation of combining two ▶→▶n string diagrams (that we call convolution) can472

easily be extended to any finite collection of ▶→▶n diagrams and is well defined up to473

permutations and removing duplicates, while staying at distance zero; (see Lemma 90).474

Thanks to the ability to turn each diagram f : ▶m→▶n into its representation (Theorem 19),475

as well as global co-copying (Lemma 23), we can express each the subdiagrams fi : ▶→▶n
476

as convolution.477

▶ Lemma 25. For any diagram f : ▶m→▶n and fi, 1 ≤ i ≤ m defined as above, for all478

i ∈ {1, . . . , m}, we can derive479

fi
n ≡0

fi1

fik n

n

na1

ak
n

vq1

...

...
vqr

n

480

where, for 1 ≤ j ≤ ℓ, each vqj
:▶→▶n is a diagram encoding the output variables to which the481

i-th input wire of f is directly connected, that is, without going through any a generator482

(in particular, each vqj is a monoidal product of a single identity with n − 1 generators).483

The informal intuition is that each of the fi : ▶→▶n diagrams represents a state of a prechart484

and the behaviour of each such state is the union of all possible labelled transitions to other485

states and variable outputs. This can be made formal, by extracting a prechart over the set486

Qf = {f1, . . . , fm}, whose transition function β is given by the following; we define fi
a−→ fj487

iff fi
n contains fj

na and similarly fi ▷ vs iff fi
n contains vs

n.488

The behavioural distance between states of this prechart, precisely captures the behavioural489

distance between each of the fi diagrams.490
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▶ Lemma 26. For all fi, fj ∈ Qf , we have that bdβ(fi, fj) = bd(JfiK , JfjK)491

Completeness. The behavioural distance between states of finite charts, including those492

derived from the normal form of diagrams (Lemma 25), can be given a simpler characterisation493

via a decreasing chain of approximants.494

▶ Lemma 27. Let (Q, β) be a finite prechart. The behavioural distance between any pair495

q1, q2 ∈ Q of states can be calculated by bdβ(q1, q2) = infp∈N

{
Φ(p)

β (q1, q2)
}

, where Φ(0)
β is a496

discrete pseudometric and for any p ∈ N, we define Φ(p+1)
β = Φβ

(
Φ(p)

β

)
.497

The proof of the fact above makes use of the fact that the map Φβ has a unique fixpoint and498

when dealing with finite precharts, we can establish necessary preconditions allowing to use499

Kleene’s fixpoint theorem for the greatest fixpoint. Details of these arguments can be found500

in Section 8.2. The characterisation described above is particularly useful, as upper bounds501

on each of the approximants can be derived syntactically through the means of axiomatic502

manipulation.503

▶ Lemma 28. Let f :▶m→▶n, fi, 1 ≤ i ≤ m and (Qf , β) be defined as above. For all504

fg, fh ∈ Qf , all p ∈ N and any ε ≥ Φ(p)
β (fg, fh), we have that fg

n ≡ε fh
n is505

derivable.506

The key idea of the lemma above is that the behaviour of lifting of pseudometric from507

states to edges (Definition 4) and Hausdorff lifting (Definition 5) used in the definition508

of Φ can be simulated using the rules of our deduction system. Using (Cont) rule and509

characterisation from Lemma 27, we obtain a completeness result for distances between510

fi : ▶→▶n components of f : ▶m→▶n.511

▶ Lemma 29. Let f :▶m→▶n and fi, 1 ≤ i ≤ m be defined as above. For all g, h ∈512

{1, . . . , m}, any valid equation fg
n ≡ε fh

n is derivable.513

Relying on Lemma 23, we can reduce the problem of deriving distance between arbitrary514

▶m→▶n diagrams, to the case of ▶→▶n solved above. This yields completeness result for515

left-to-right diagrams.516

▶ Theorem 30. Let f, g : ▶m→▶n. Any valid equation f
nm ≡ε g nm is derivable.517

Since arbitrary diagrams can be turned into ▶m→▶n diagrams by appropriately composing518

and , while preserving distances between diagrams, we arrive at the desired result.519

▶ Theorem 31 (Quantitative completeness). Let f, g : v → w be two arbitrary diagrams. Any520

valid equation f wv ≡ε g wv is derivable.521

7 Discussion522

In this paper, we presented a sound and complete quantitative axiomatisation of the behavi-523

oural distance of Milner’s charts [33]. We have relied on a compositional, string diagrammatic524

syntax [38, 3] and equipped it with a quantitative inference system for reasoning about bounds525

on behavioural distance, inspired by recent advances in metric universal algebra [31, 32, 34].526

Originally introduced for probabilistic systems [50, 15], behavioural distances have recently527

been generalised to a broad range of systems modelled via the abstract framework of universal528

coalgebra [41], leveraging pseudometric liftings of functors [7]. The notion of behavioural529
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distance for charts used in the paper is an instance of this coalgebraic framework. Our530

concrete characterisation closely resembles the metric on trees studied by Nivat [35]. A531

similar characterisation was studied by Golson and Rounds [17], who instead examined de532

Bakker and Zucker’s metric domain for nondeterministic processes [14], also derived via a533

fixpoint construction involving the Hausdorff distance.534

The idea of reasoning about distances between string diagrams has been explored before535

in quantum theory [27, 11, 23] and probability theory [36]. However, in contrast with the536

growing body of work on cartesian quantitive algebra [31, 34, 6], a systematic foundation to537

axiomatising distances between string diagrams appeared only very recently, in the work of538

Lobbia et al [30]. Besides the basic examples provided in [30], our work is the first to propose539

a complete axiomatisation of a quantitative calculus of string diagrams. The approach of [30]540

is based on enriched category theory: similarly, one could observe that the equipment of our541

semantic category with pseudometric structures making sequential and parallel composition542

nonexpansive yields the enrichment in the category of pseudometric spaces. However, our543

axiomatisation relies on the domain-specific implicational rule (Pref) and an axiom schema544

(Codel) that cannot be expressed in the framework of Lobbia et al [30], which only supports545

quantitative equations. Reconciling those rule formats with the general framework of Lobbia546

et al [30] is an interesting direction for future research.547

Axiomatising behavioural distances have been originally studied through ad-hoc inference548

systems [29, 13]. The introduction of quantitative equational theories made more principled549

approaches possible, leading to axiomatisations of behavioural distance for probabilistic550

systems [4, 5]. In recent work, Różowski [40] extended these results within a coalgebraic551

framework, focusing on the simple case of DFA, which enjoys a straightforward algebraic552

representation via the syntax of Kleene Algebra. While we rely here on the general pattern553

of the completeness proof from that work, the case of Milner’s charts was significantly more554

involved, requiring the ability to simulate the behaviour of Hausdorff lifting syntactically.555

In constructing the semantic category, we have used the fact that charts form a Conway556

theory [54], studied in the literature on parametrised fixpoint operators [20, 45, 1], and which557

can be seen as a relaxation of iteration theories [9]. The connection between charts and558

these structures was previously investigated by Bloom et al [9] and Sewell [44], while the559

interplay of parametrised fixpoint operators with traced monoidal categories was studied by560

Hasegawa [21], Haghverdi [20], and Simpson and Plotkin [45] independently.561

Our work constitutes a necessary first step towards a similar diagrammatic treatment of562

behavioural distance for quantitative automata, such as probabilistic and weighted systems,563

for which distances are a more suitable way of reasoning rather than Boolean equivalences.564

The string diagrammatic point of view would enable a desirable, compositional treatment565

that reflects well the underlying operational models, in a way that is not available through566

conventional syntaxes. Another promising direction for future work would be to consider567

Guarded Kleene Algebra with Tests (GKAT) [46, 42], an efficiently decidable language for568

reasoning about equivalence of uninterpreted programs. The completeness proof of GKAT569

relies on a metric argument that could be internalised within an inference system like the one570

introduced in this paper. Moreover, the syntax of GKAT is insufficiently expressive, as it can571

only describe a part of the behaviours of its underlying operational model – in fact there is no572

finite purely algebraic syntax that could do so [48]. A string diagrammatic treatment could573

allow us to express all such behaviours and obtain a simpler yet more expressive completeness574

result, that would in turn enable axiomatic reasoning about decompilation algorithms, that575

were recently shown to be expressible via GKAT automata (but not in GKAT) [53].576
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8 Appendix766

8.1 Algebra of Regular Behaviours767

In the appendix, we rely on a slightly different, but equivalent [33], characterisation of the
set Ω of all regular behaviours. In this section, we elaborate on this characterisation and
related conventions. In particular, we will write Exp/∼ instead of Ω, as we will view this set
as a bisimilarity quotient of a certain specification language that can be given operational
semantics by equipping it with a prechart structure. The syntax of the language corresponds
to operations described in Section 2 and is given by the following syntax

e, f ∈ Exp ::= 0 | v ∈ V | a.e | e + f | µv.e

where V = {v1, v2, . . . } and Σ be sets of variables and letters respectively. Given an expression768

f containing a variable v, we say that v is free in f , if it appears outside of the scope of769

the µv.e operator or say that it is bound otherwise. Given an expression e ∈ Exp, we write770

fv(e) ⊆ V for the set of its free variables. Given a set X, we define BX to be Pfin(V + Σ × X).771
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Recall that each prechart can be equivalently seen as a pair (X, β : X → BX). Given a772

prechart (X, β), we write x a−→ β y ⇐⇒ (a, y) ∈ β(x) and x ▷β vi ⇐⇒ vi ∈ β(x). When β773

is obvious from the context, we will omit writing it in the subscript. One can easily verify774

that ∼β is a prechart bisimulation itself and we will refer to it as the greatest bisimulation775

on (X, β). When β is obvious from the context we will omit writing it in the subscript.776

▶ Definition 32. Let (X, β) be a prechart and let Y ⊆ X. We call (Y, β) a subprechart of777

(X, β), if the canonical inclusion map i : Y → X is a prechart homomorphism.778

Given a prechart (X, β) and a state x we write ⟨x⟩β ⊆ X for the set of states reachable from779

x (note that this definition can be easily extended to sets of states). Equipping in with β780

restricted to ⟨x⟩β defines a subprechart (⟨x⟩β , β) of (X, β).781

▶ Definition 33 ([33]). Given vectors v⃗ of binders and e⃗ of expressions of the same size, we782

define a syntactic substitution operator [e⃗/v⃗] : Exp → Exp by the following783

v[e⃗/v⃗] =
{

e⃗i if v = v⃗i

v otherwise
(a.e)[e⃗/v⃗] = a.(e[e⃗/v⃗])784

(e + f)[e⃗/v⃗] = e[e⃗/v⃗] + f [e⃗/v⃗]785

(µw.e)[e⃗/v⃗] =
{

µw.(e[e⃗/v⃗]) if w is not in v⃗ nor free in e⃗

µw.(e[z/w][e⃗/v⃗]) otherwise for some z not in v⃗ nor free in e⃗
786

▶ Definition 34 ([33]). Let (Exp, ∂) be a prechart whose transition function (called derivative)787

is a least one satisfying the following inference rules788

e a−→ e′

a.e a−→ e′ v ▷ v

e a−→ e′

e + f a−→ e′
f a−→ f ′

e + f a−→ f ′789

e ▷ v

e + f ▷ v

f ▷ v

e + f ▷ v

e ▷ v v ̸= w

µw.e ▷ v

e a−→ e′

µv.e a−→ e′[µv.e/v]
790

The syntactic prechart ⟨e⟩∂ is locally finite.791

▶ Lemma 35 ([33, Proposition 5.1]). For all e ∈ Exp, ⟨e⟩∂ is finite.792

▶ Lemma 36 ([44, Proposition 7]). ∼ is a congruence on Exp with respect to all operations793

of the algebra of regular behaviours.794

▶ Lemma 37 ([41, Proposition 5.8]). We can equip Exp/∼ with a transition function given by

e a−→ ∂ e′

[e]∼ a−→ ∂ [e′]∼

e ▷∂ vi

[e]∼ ▷∂ vi

This map is a unique transition function on Exp/∼ that makes the quotient map [−]∼ : Exp →795

Exp/∼ into prechart homomorphism.796

From now on, we will overload the notation and simply write e for the equivalence class797

[e]∼. Note that because of Lemma 36 all operations of algebra of regular behaviours are well798

defined on that quotient.799

▶ Remark 38. The quotient prechart on Exp/∼ and corresponding operations of algebra of800

regular behaviours are in one-to-one correspondence with the prechart structure on Ω and801

operations defined in Section 2 in the main body of the paper.802
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▶ Remark 39 ([44]). The last rule (that defines the transition behaviour of the µ recursion803

operator) can be replaced by the following:804

e[µv.e/v] a−→ e′

µv.e a−→ e′805

▶ Remark 40 ([33, Proposition 5.4.]). Syntactic substitution can be described operationally806

using the following rules807

e ▷ v f a−→ f ′

e[f/v] a−→ f ′
e a−→ e′

e[f/v] a−→ e′[f/v]
808

e ▷ w w ̸= v

e[f/v] ▷ w

e ▷ v f ▷ w

e[f/v] ▷ w
809

▶ Lemma 41. For all e, f1, . . . , fm, g1, . . . , gm ∈ Exp and vectors v⃗ = (vi1 , . . . , vim
), w⃗ =

(vj1 , . . . , vjn), such that all free variables of e are contained in v⃗ and all free variables of f⃗

are contained in w⃗, we have that

(e[f⃗/v⃗])[g⃗/w⃗] = e[(f1[g⃗/w⃗], . . . , fm[g⃗/w⃗])/v⃗]

Proof. Let ∆ = {(e, e) ∈ Exp} be the diagonal relation. We define a relation R ⊆ Exp × Exp,810

given by the following:811

R = ∆ ∪ {((e[f⃗/v⃗])[g⃗/w⃗], e[(f1[g⃗/w⃗], . . . , fm[g⃗/w⃗])/v⃗])812

| e, f1, . . . , fm, g1, . . . , gn ∈ Exp, v⃗ = (vi1 , . . . , vim), w⃗ = (vj1 , . . . , vjn),813

fv(e) ⊆ v⃗, fv(f⃗) ⊆ w⃗}814

We claim that R is a bisimulation. For pairs (e, e) ∈ ∆, the conditions of bisimulation815

are immediately satisfied.816

For the remaining pairs, assume that (e[f⃗/v⃗])[g⃗/w⃗]▷ u. In such a case at least one of the817

following is true:818

e[f⃗/v⃗] ▷ u819

e[f⃗/v⃗] ▷ wj for wj ∈ w⃗ and gj ▷ u820

Since all free variables of e are contained in v⃗ and all free variables of f⃗ are contained821

in w⃗, we have that all free variables of e[f⃗/v⃗] are also contained in w⃗, which makes the822

first case impossible. Through a similar line of reasoning, we can deduce that e ▷ vi for823

some vi ∈ v⃗ and fi ▷ wj . Since gj ▷ u, we have that fi[g⃗/w⃗] ▷ u. Finally, we have that824

e[(f1[g⃗/w⃗], . . . , fn[g⃗/w⃗]), v⃗] ▷ u.825

Assume that (e[f⃗/v⃗])[g⃗/w⃗] a−→ h. Then, at least one of the following is true:826

e[f⃗/v⃗] ▷ wj and gj
a−→ h.827

h = h′[g⃗/w⃗], such that e[f⃗/v⃗] a−→ h′
828

In the first case, through a similar line of reasoning as before, we can conclude that e ▷829

vi for some vi ∈ v⃗ and fi ▷ wj . Hence, fi[g⃗/w⃗] a−→ h. Finally, we can deduce that830

e[(f1[g⃗/w⃗], . . . , fm[g⃗/w⃗])/v⃗] a−→ h. Obviously, (h, h) ∈ R.831

In the second case, we have that e[f⃗/v⃗] a−→ h′. There are two subcases, that need to be832

considered833

e ▷ vi and fi
a−→ h′

834
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h′ = h′′[f⃗/w⃗] and e a−→ h′′
835

In the first subcase, we have that fi[g⃗/w⃗] a−→ h′[g⃗/w⃗] and hence

e[(f1[g⃗/w⃗], . . . , fm[g⃗/w⃗])/v⃗] a−→ h′[g⃗/w⃗]

or equivalently e[(f1[g⃗/w⃗], . . . , fm[g⃗/w⃗])/v⃗] a−→ h. As before, of course (h, h) ∈ R.836

Finally, moving on to the second subcase, we have that e a−→ h′′ and hence

e[(f1[g⃗/w⃗], . . . , fm[g⃗/w⃗])/v⃗] a−→ h′′[(f1[g⃗/w⃗], . . . , fm[g⃗/w⃗])/v⃗]

Recall that (e[f⃗/v⃗])[g⃗/w⃗] a−→ h and h = (h′′[f⃗/v⃗])[g⃗/v⃗]. Both of those reachable expressions837

are actually in the relation R. The remaining conditions of bisimulation, can be shown via a838

symmetric argument. ◀839

8.2 Behavioural distance of precharts840

▶ Theorem 6. Let (Q, β) be a prechart. Then, the following properties hold: 1 dQ 7→ Φβ(dQ)841

is a monotone mapping on the lattice DQ, 2 Φβ has a least fixpoint bdβ, 3 x ∼ y =⇒842

bdβ(x, y) = 0 and 4 a homomorphism f : Q → R between precharts (Q, β) and (R, γ) is an843

isometry between (Q, bdβ) and (R, bdγ).844

Proof. H and (−)↑ are liftings for the functors Pfin and Σ × (−) + V respectively, that845

preserve isometries [7, Theorem 5.8]. The rest follows from [7, Theorem 5.2]. ◀846

▶ Remark 42 ([7, Example 5.31]). Let (X, d) be a pseudometric space and let A, B ∈ Pfin(X).
Let Γ(A, B) denote the set of relational couplings of A and B, namely elements R ∈
Pfin(A × B), such that π1(R) = A and π2(R) = B. The Hausdorff distance between A and
B can be alternatively presented as:

H(d)(A, B) = inf
{

sup
(x,y)∈R

d(x, y) | R ∈ Γ(A, B)
}

We will make use of the fact that the set of pseudometrics can be equipped with a norm. We847

write R = [−∞, ∞] for the set of extend reals. For any set X, the set of functions RX×X ,848

which is the superset of DX , can be seen as a Banach space by means of the sup norm849

∥d∥ = supx,y∈X |d(x, y)|.850

▶ Lemma 43 ([49]). Hausdorff lifting H : DX → DPfin(X) is nonexpansive with respect to the
metric induced by the sup norm. Namely,

∥H(d) − H(d′)∥ ≤ ∥d − d′∥

▶ Lemma 44. (−)↑ : DX → DΣ×X+V , the lifitng for Σ × (−) + V is contractive with respect851

to the metric induced by the sup norm. Namely, ∥d↑ − d′↑∥ ≤ 1
2 ∥d − d′∥852

Proof. For the sake of simplicity, assume that d′ ⊑ d, and hence d′↑ ⊑ d↑. It suffices that we853

show that for all u, w ∈ Σ × X + V , we have that d↑(u, w) − d′↑(u, w) ≤ 1
2 ∥d − d′∥. Recall854

that in all cases, except when u = (a, x) and w = (a, y) for some a ∈ Σ and x, y ∈ X,855

d↑(u, w) = d′↑(u, w) and hence d↑(u, w) − d′↑(u, w) = 0 ≤ 1
2 ∥d − d′∥. In the remaining case,856

we have that857

d↑((a, x), (a, y)) − d′↑((a, x), (a, y)) = 1
2d(x, y) − 1

2d′(x, y)858

≤ 1
2∥d′ − d∥859

which completes the proof. ◀860
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▶ Lemma 45. Φβ : DX → DX is contractive with respect to the metric induced by the sup
norm, namely

∥Φβ(d) − Φβ(d′)∥ ≤ 1
2∥d − d′∥

Proof. For the sake of simplicity, assume that d′ ⊑ d and hence Φβ(d′) ⊑ Φβ(d). It suffices to861

show that for all x, y ∈ X, we have that H(d↑)(β(x), β(y)) − H(d′↑)(β(x), β(y)) ≤ 1
2 ∥d − d′∥.862

We can combine the previous results and for arbitrary x, y ∈ X obtain the following863

H(d↑)(β(x), β(y)) − H(d′↑)(β(x), β(y)) ≤ ∥H(d↑) − H(d′↑)∥864

≤ ∥d↑ − d′↑∥865

≤ 1
2∥d − d′∥866

◀867

As a consequence, we have the following868

▶ Corollary 46. Φβ has a unique fixpoint.869

We will argue that for (locally) finite precharts we can give a simpler characterisation of870

the behavioural distance relying on Kleene’s theorem for the greatest fixpoint. Recall that871

ω-cochain is a sequence {di}i∈N, such that for all i ∈ N, we have that di ⊒ di+1.872

▶ Theorem 47 (Kleene fixpoint theorem). Let (L, ⊑) be a partial order where every ω-cochain
has an infimum and let f : L → L be an endomap that is cocontinuous, namely for all
ω-cochains {li}i∈N, we have that f (infi∈N li) = infi∈N f(li). The greatest fixpoint of f can be
characterised as

gfp(f) = inf
i∈N

f (i)

where f (0) = ⊤ and f (n+1) = f (n)(f)873

▶ Lemma 48. For a finite prechart (X, β), Φβ is cocontinuous.874

Proof. Identical proof to [40, Lemma 20]. ◀875

We can combine the above results into the following statement.876

▶ Lemma 27. Let (Q, β) be a finite prechart. The behavioural distance between any pair877

q1, q2 ∈ Q of states can be calculated by bdβ(q1, q2) = infp∈N

{
Φ(p)

β (q1, q2)
}

, where Φ(0)
β is a878

discrete pseudometric and for any p ∈ N, we define Φ(p+1)
β = Φβ

(
Φ(p)

β

)
.879

Proof. Since Φβ has a unique fixpoint, we can rely on a Kleene fixpoint theorem for the880

greatest fixpoint (Theorem 47), which is preconditioned on Φβ being cocontinuous, which is881

true for finite precharts (Lemma 48). The final formula is given by the fact that in the lattice882

of pseudometrics, the infima of ω-cochains can be calculated pointwise [40, Lemma 6]. ◀883

Moreover, this can be extended beyond finite charts to the locally finite ones.884

▶ Corollary 49. For any locally finite prechart (X, β), the distance between x, y ∈ X, can be885

calculated by:886

bdβ(x, y) = inf
i∈N

(
Φ(i)

β (x, y)
)

887
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Proof. Let β′ denote β restricted to ⟨x, y⟩β . Since (X, β) is locally finite, then its subprechart
(⟨x, y⟩β , β′) is finite. Since homomorphisms are isometries, calculating distance between x

and y in (X, β) is the same as calculating it in (⟨x, y⟩β , β). Because of Lemma 48, Φβ is
cocontinuous (when restricted to ⟨x, y⟩β′) and hence we can employ Theorem 47. Since the
infima in the lattice of pseudometrics can be calculated pointwise (??), we have that

bdβ(x, y) = bdβ′(x, y) = inf
i∈I

(
Φ(i)

β′ (x, y)
)

Since β′ is a restriction of β to ⟨x, y⟩β and each Φ(i)
β′ makes only use of the states in ⟨x, y⟩β ,888

we can rewrite the above as bdβ(x, y) = infi∈N

(
Φ(i)

β (x, y)
)

as desired. ◀889

▶ Lemma 50. Let (X, β) be a locally finite prechart. For all x, y ∈ X, i ∈ N, either Φ(i)
β = 0890

or there exists k ∈ N, such that Φ(i)
β (x, y) = 2−k

891

Proof. Let x, y ∈ X. We proceed by induction on i.892

If i = 0, then Φ(0)
β (x, y) = 1 = 20, if x ̸= 0 or Φ(0)

β (x, y) = 0, otherwise.893

If i = j + 1, then unrolling the definition of Φ(j+1)
β yields the following:

Φj+1
β (x, y) = max

{
sup

u∈β(x)
inf

w∈β(y)
Φ(j)

β

↑
(u, w), sup

w∈β(y)
inf

u∈β(x)
Φ(j)

β

↑
(w, u)

}

For any two transitions u = (a, x′) and w = (a, y′) with the same prefix, the following
holds:

Φ(j)
β

↑
(u, w) = 1

2Φ(j)
β (x′, y′)

We can apply the induction hypothesis, which states that one of the following is true:894

Φ(j)
β (x′, y′) = 0, which entails that Φ(j)

β

↑
(u, w) = 0.895

There exists a k ∈ N , such that Φ(j)
β (x′, y′) = 2−k. This implies that Φ(j)

β

↑
(u, w) =896

2−(k+1).897

Since the infima range over finite sets, their values are either 1 = 20 if the sets are empty898

or are one of the values from the set, which we have shown to be of the desired form.899

Similarly, suprema range over finite sets and are either 0 for empty sets or are on of the900

values from the set, which are in the desired form. Taking the maximum of values in the901

desired form, still results in a value in the desired form. ◀902

▶ Lemma 51. Let (X, β) be a locally finite prechart and let x, y ∈ X, such that ¬(x ∼ y).903

There exists i ∈ N, such that Φ(i)
β (x, y) = Φ(i+1)

β (x, y)904

Proof. Assume that for all i ∈ N, Φ(i)
β (x, y) ̸= Φ(i+1)

β (x, y). Essentially, that means we have905

an infinite, strictly decreasing ω-cochain {Φ(i)
β (x, y)}i∈I . By Lemma 50, we know that the906

values of the chain are either 0 or 2−k. Since all the values of the chain are nonegative, if any907

of it is equal to zero 0, we reach a contradiction, as the chain would have to contain values908

strictly below 0. Hence, we can safely assume that the chain is in the form {1, 1
2 , 1

4 , . . . }.909

But in such a case its infimum is 0, contradicting the assumption. ◀910

▶ Corollary 52. Let (X, β) be a locally finite prechart and let x, y ∈ X. If bdβ(x, y) > 0,911

then there exists an i ∈ N, such that bdβ(x, y) = Φ(i)
β (x, y)912
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Proof. If bdβ(x, y) > 0, we have that ¬(x ∼ y) and using Lemma 51, we know that the913

chain of approximants stabilises and hence the infimum of the chain is equal to the point914

where it stabilises. ◀915

▶ Lemma 53. Let (X, β) be a prechart. For any x, y ∈ X, we have that

x ∼(k) y ⇐⇒ bdβ(x, y) ≤ 2−k

Proof. By induction on k. The base case is trivial, as we immediately have that x ∼(0) y916

and bdβ(x, y) ≤ 20 = 1.917

For the inductive step assume that for some k′ ∈ N, the induction hypothesis holds. First,918

assume that x ∼(k′+1) y. Unrolling the definition of stratification of bisimilarity, we have919

that920

If x ▷ v, then y ▷ v921

If x a−→ x′, then there exists y′ such that y a−→ y′ and x ∼(k′) y.922

and symmetrically.923

We want to show that bdβ(x, y) ≤ 2−(k′+1). We can unroll the definition of bdβ and
rewrite the desired result as

sup
u∈β(x)

(
inf

w∈β(y)
bd↑

β(u, w)
)

≤ 2−(k′+1) ∧ sup
w∈β(y)

(
inf

u∈β(x)
bd↑

β(w, u)
)

≤ 2−(k′+1)

We focus on the left hand side of the conjunction above, as the right hand side is symmetric.
We are aiming to show that

∀u ∈ β(x). inf
w∈β(y)

bd↑
β(u, w) ≤ 2−(k′+1)

Let u ∈ V . By the assumption, we know that also u ∈ B(y), which means that

inf
w∈β(y)

bd↑
β(u, w) = 0 ≤ 2−(k′+1)

Now, let u ∈ Σ × X, i.e. u = (a, x′). By the assumption, we know that there exists
y′ ∈ X, such that (a, y′) ∈ β(y) and x′ ∼(k′) y′. By induction hypothesis, we know that
bdβ(x′, y′) ≤ 2−k′ . Hence, we have that bd↑

β((a, x′), (a, x′)) ≤ 1
2 · 2−k′ = 2−(k′+1). Hence, we

again have that
∀u ∈ β(x). inf

w∈β(y)
bd↑

β(u, w) ≤ 2−(k′+1)

Now, for the converse assume that bdβ(x, y) ≤ 2−(k′+1). Through a similar line of
reasoning, as before, we have that

∀u ∈ β(x). inf
w∈β(y)

bd↑
β(u, w) ≤ 2−(k′+1)

Assume that x▷v, i.e. v ∈ β(x). Assume that ¬(y▷v). That means that for all w ∈ β(y), we924

have that bd↑
β(v, w) = 1 and hence infw∈β(y) bd↑

β(v, w) = 1, which contradicts the assumption925

as 1 > 2−(k′+1). Hence, y ▷ v.926

Now, assume that x a−→ x′, i.e. (a, x′) ∈ β(y). Through a similar argument as before, we927

know that there must exist (a, y′) ∈ β(y), such that bd↑
β((a, x′), (a, y′)) ≤ 2−(k′+1). Unrolling928

the definitions of bd↑
β , we obtain 1

2 · bdβ(x′, y′) ≤ 2−(k′+1) and hence bdβ(x′, y′) ≤ 2−k′ .929

Using the induction hypothesis, we get that x′ ∼(k′) y′ as desired. The remaining part of the930

proof is symmetric and hence is omitted. ◀931
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▶ Theorem 54. Let (X, β) be a locally finite prechart and let x, y ∈ X. The behavioural
distance between x and y is given by:

bdβ(x, y) =
{

0 if x ∼ y

2−n if n is the largest number such that x ∼(n) y

Proof. For the first case, because of Theorem 6, if x ∼ y, then bdβ(x, y) = 0. For the932

converse, if bdβ(x, y) = 0, we have that x ∼(k) y for all k ∈ N and hence by ??, it holds that933

x ∼ y.934

In the second case, because of Lemma 51, we know that if bdβ(x, y) > 0, then the935

behavioural distance is equal to some element of the chain of approximants. By Lemma 50,936

we know that all non-zero elements of that chain are equal to 2−k, for some k ∈ N. Combining937

it with Lemma 53 yields the desired result. For the converse, if n ∈ N is the largest number938

such that x ∼(n) y, then because of Lemma 53, we have that bdβ(x, y) ≤ 2−n. Assume that939

bdβ(x, y) = 0. In such a case, using Lemma 53, we could conclude that x ∼(n+1) y, which940

would lead to contradiction. Hence, bdβ(x, y) > 0. Because of Lemma 51, we have that941

bdβ(x, y) is equal to some power of two. Combining that with Lemma 53 again yields the942

desired result. ◀943

▶ Lemma 55. Let (X, β), (Y, γ) and (Z, ζ) be arbitrary precharts, such that there exist944

homomorphisms f : X → Z and g : Y → Z. For all p ∈ N, (x, y) ∈ X × Y , we have that if945

x ∼(p) y then f(x) ∼(p) g(y).946

Proof. Recall that if f : X → Y is a homomorphism, then G(f) = {(x, f(x)) | x ∈ X}947

is a bisimulation, which implies that for all p ∈ N, x ∈ X we have that x ∼(p) f(x) [22,948

Theorem 2.1]. Similarly, for all p ∈ N, y ∈ Y , we have that y ∼(p) g(y). Since relations949

constituting the stratification of bisimilarity are all equivalence relations [22], we know that950

if x ∼(p) y, x ∼(p) f(x) and y ∼(p) g(y) jointly imply that f(x) ∼(p) g(y) for all p ∈ N and951

(x, y) ∈ X × Y , which completes the proof. ◀952

▶ Theorem 8. Let Ci = (Qi, si, Di, Ei) for i = {1, 2} be finite charts. We have that953

bd([C1], [C2]) = 0 if s1 ∼ s2. Otherwise, bd([C1], [C2]) = 2−n, where n ∈ N is the largest954

such that s1 ∼(n) s2.955

Proof. Immediately follows from Theorem 54 and Lemma 55. ◀956

9 Axioms of SMCs957

c1 c2 c3 = c1 c2 c3

c1

c2

c3

=

c1

c2

c3

c1 d1

d2c2

=
c1 d1

d2c2

c = c = c
c

= c =
c

c
= c =

958
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10 Semantics959

▶ Lemma 56. Let f : m → n, g : n → p, h : p → q. We have that:960

1. (f ; g); h = f ; (g; h)961

2. idm; f = f962

3. f ; idn = f963

Proof. We respectively prove each of the properties.964

1.

(f ; g); h = (f1[g⃗/v⃗], . . . , fm[g⃗/v⃗]); h965

=
(

(f1[g⃗/v⃗])[⃗h, v⃗], . . . , (fm[g⃗/v⃗])[⃗h, v⃗]
)

966

=
(

f1[(g1 [⃗h/v⃗], . . . , gn [⃗h/v⃗])/v⃗], . . . , fm[(g1 [⃗h/v⃗], . . . , gn [⃗h/v⃗])/v⃗]
)
(Lemma 41)

967

=
(

f1[ ⃗(g; h)/v⃗], . . . fm[ ⃗(g; h)/v⃗]
)

968

= f ; (g; h)969

2. idm; f = (v1[f⃗/v⃗], . . . , vm[f⃗/v⃗]) = (f1, . . . , fm) = f970

3. f ; idn = (f1[v⃗/v⃗], . . . , fm[v⃗/v⃗]]) = (f1, . . . , fm) = f971

◀972

▶ Lemma 57. RegBeh has binary coproducts. In particular, given k, l ∈ N, the in-973

clusions inlk,l : k → k + l and inrk,l : l → k + l are given by inlk,l = (v1, . . . , vk) and974

inrk,l = (vk+1, . . . , vk+l) respectively, while the mediating map is given by pairing.975

Proof. Let f : k → m and g : l → m. We can safely assume that f = (f1, . . . , fk) and976

g = (g1, . . . , gl). Recall that inlk,l = (v1, . . . , vk) and inrk,l = (vk+1, . . . , vk+l). For the977

existence proof, define ⟨f, g⟩ : k + l → m as a k + l-tuple (f1, . . . , fk, g1, . . . , gl). We show978

that that the coproduct diagram commutes. We start from the left triangular subdiagram.979

k l

k + l

m

inlk+l

f

inrk+l

g

⟨f,g⟩

980

981

inlk,l; ⟨f, g⟩ = (v1, . . . , vk); (f1, . . . fk, g1, . . . , gl)982

= (f1, . . . , fk)983

= f984

Similarly, for the right subdiagram, we have that:985

inrk,l; ⟨f, g⟩ = (vk+1, . . . , vk+l); (f1, . . . fk, g1, . . . , gl)986
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= (g1, . . . , gl)987

= g988

For the uniqueness proof, assume that there exists a map h : k + l → m, which makes989

the coproduct diagram commute. We can safely assume that h = (h1, . . . , hk+l). Since990

inlk,l; h = f and inrk,l; h = g, we have that:991

(f1, . . . , fk) = f992

= inlk,l; h993

= (v1, . . . , vk); (h1, . . . , hk+l)994

= (h1, . . . , hk)995

Similarly, we have that:996

(g1, . . . , gl) = f997

= inrk,l; h998

= (vk+1, . . . , v); (h1, . . . , hk+l)999

= (hk+1, . . . , hk+l)1000

Hence, h = (f1, . . . , fk, g1, . . . , gl) = ⟨f, g⟩ as desired. ◀1001

▶ Lemma 58. 0 is the initial object of RegBeh.1002

Proof. For any n ∈ N, the unique universal arrow is given by 0n, which immediately1003

completes the proof. ◀1004

Given f : k → l and g : m → n, we can define their separated sum f ⊕ g : k + m → l + n given1005

by the unique mediating arrow in the following diagram1006

k k + m m

l l + n n

inlk,m

f f⊕g

inrk,m

g

inll,n inrl,n

1007

We can define f ⊕ g concretely by setting f ⊕ g = ⟨f, g[(vl+1, . . . , vl+n)/(v1, . . . , vn)]⟩.1008

▶ Proposition 59. (RegBeh, ⊕, 0) is a strict monoidal category.1009

Proof. We verify that associators and unitors are strict equalities. Let f ∈ RegBeh(k, l), g ∈1010

RegBeh(m, n), h ∈ RegBeh(o, p). For the left unitor, we have the following:1011

0 ⊕ f = () ⊕ (f1, . . . , fk) (def. of 0 and ⊕)1012

= (f1, . . . , fk) = f1013

Similarly, for the right unitor, we have that:1014

f ⊕ 0 = () ⊕ (f1, . . . , fk) (def. of 0 and ⊕)1015

= (f1, . . . , fk) = f1016
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Finally, for the associator we have that:1017

(f ⊕ g) ⊕ h1018

=(f1, . . . , fk, g1[(vl+1, . . . , vl+n)/v⃗], . . . , gm[(vl+1, . . . , vl+n)/v⃗]) ⊕ h1019

=(f1, . . . , fk, g1[(vl+1, . . . , vl+n)/v⃗], . . . , gm[(vl+1, . . . , vl+n)/v⃗],1020

h1[(vl+n+1, . . . , vl+n+p)/v⃗], . . . , ho[(vl+n+1, . . . , vl+n+p)/v⃗])1021

=f ⊕ (g1[(v1, . . . , vn)/v⃗], . . . , gm[(v1, . . . , vn)/v⃗],1022

h1[(vn+1, . . . , vn+p)/v⃗], . . . , ho[(vn+1, . . . , vn+p)/v⃗])1023

=f ⊕ (g1, . . . , gm,1024

h1[(vn+1, . . . , vn+p)/v⃗], . . . , ho[(vn+1, . . . , vn+p)/v⃗])1025

=f ⊕ (g ⊕ h)1026

The intermediate steps in the calculation above follow from the definition of ⊕. ◀1027

10.1 Conway Theories1028

Let C be a category with finite coproducts, whose objects are natural numbers. We call C a1029

preiteration theory if for every morphism f : n → p + n, there exists a morphism f†
n,p : n → p1030

called dagger. We will often omit the subscripts and write f†, when n and m are clear from1031

the context. Note that the definition does not impose any conditions on the dagger. However,1032

f : 0 → p, when always we have that f†
0,p = 0p.1033

▶ Definition 60 ([54, Definition 3.1]). A Conway Theory is a preiteration theory, in which1034

the following conditions are satisfied1035

(Scalar parameter identity)

(f ; (g ⊕ id1))† = f†; g

for all f : 1 → p + 1, g : p → q1036

(Scalar composition identity)

(f ; ⟨idp ⊕ 01, g⟩)† = f ; ⟨idp, (g; ⟨idp ⊕ 01, f⟩)†⟩

for all f, g : 1 → p + 11037

(Scalar double dagger identity)

f†† = (f ; (idp ⊕ ∇1))†

for all f : 1 → p + 21038

(Scalar pairing identity)

⟨f, g⟩† = ⟨f†; ⟨idp, h†⟩, h†⟩

for all f : n → p + 1 + n, g : 1 → p + 1 + n where

h = g; ⟨idp+1, f†⟩ : 1 → p + 1

▶ Remark 61 ([54, Remark 3.2]). Note that in order to define a Conway theory it suffices to1039

define f† : 1 → p for all f : 1 → p + 1 that satisfies first three axioms of Definition 60 and use1040

scalar pairing identity to inductively define (−)†.1041
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Because of the above, we can define a dagger on RegBeh through the following:1042

▶ Definition 62. Given f : 1 → p + 1 in RegBeh, we define

f† = µvp+1.f

▶ Lemma 63 ([44, Theorem 2]). Terms of Milner’s Algebra of Regular Behaviours (modulo1043

bisimilarity) satisfy the following rules:1044

1. µvz. (e[(vz, vz)/(vj , vk)]) = µvj .µvk.e for any vz not free in e1045

2. µvj . (e[f/vj ]) = e[µvx. (f [e/vj ]) /vj ]1046

▶ Corollary 64. The dagger on RegBeg satisfies scalar composition and scalar double1047

dagger identities.1048

Proof. Follows from Lemma 63. ◀1049

▶ Lemma 65. Let f : 1 → 1 + p, g : p → g be morphisms in RegBeh. Then,

(f ; (g ⊕ id1))† = f†; g

Proof.

(f ; (g ⊕ id1))† = (f [(g1, . . . , gp, vq+1)/(v1, . . . , vp, vp+1)])† (Def. of ⊕)1050

= µvq+1.
(
f [(g1, . . . , gp, vq+1)/(v1, . . . , vp, vp+1)]

)
(Def. of †)1051

= µvq+1.
(
f [vq+1/vp+1][g⃗/v⃗]

)
([33, Lemma 5.6 2.])1052

= (µvq+1.f [vq+1/vp+1])[g⃗/v⃗] (Definition 33)1053

= (µvp+1.f)[g⃗/v⃗] ([33, Proposition 4.6 5.])1054

= f†[g⃗/v⃗] (Def. of †)1055

= f†; g ◀1056

▶ Lemma 66. Let f, g : 1 → 1 + p be morphisms of RegBeh. Then,

(f ; ⟨idp ⊕ 01, g⟩)† = f ; ⟨idp, (g; ⟨idp ⊕ 01, f⟩)†⟩

Proof.

(f ; ⟨idp ⊕ 01, g⟩)† =
(
f [(v1, . . . , vp, g)/v⃗]

)†
1057

= µvp+1.
(
f [(v1, . . . , vp, g)/v⃗]

)
1058

= µvp+1.
(
f [g/vp+1]

)
1059

= f [µvp+1. (g[f/vp+1]) /vp+1] (Lemma 63 2.)1060

= f [µvp+1. (g[(v1, . . . , vn, f)/(v1, . . . , vn, vp+1)]) /vp+1]1061

= f [µvp+1.(g; ⟨idp ⊕ 01, f⟩)/vp+1]1062

= f [(g; ⟨idp ⊕ 01, f⟩)†/vp+1]1063

= f ; ⟨idp, (g; ⟨idp ⊕ 01, f⟩)†⟩ ◀1064

And the scalar double dagger identity.1065

▶ Lemma 67. Let f : 1 → 2 + p be a morphism of RegBeh. Then,

f†† = (f ; (idp ⊕ ∇1))†
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Proof.

f†† = µvp+1.(µvp+2.f)1066

= µvp+1. (f [(vp+1, vp+1)/(vp+1, vp+2)]) (Lemma 63 1.)1067

= µvp+1. (f ; (idp ⊕ ∇1))1068

= (f ; (idp ⊕ ∇1))† ◀1069

▶ Lemma 68. RegBeh is a Conway Theory.1070

Proof. Follows from Corollary 64, Lemma 66 and Lemma 67. ◀1071

10.2 Trace-fixpoint correspondence1072

Turns out, that having a category C with finite coproducts and equipped with a dagger1073

operator satisfying the axioms of Conway Theories is synonymous with C being traced symmetr1074

ic monoidal category. This is captured by the following theorem that was independently1075

proved by Hasegawa [21] and Haghverdi [20]. The formulation of Hasegawa is phrased dually1076

via the setting of products and cartesian categories.1077

▶ Theorem 69 ([20, Proposition 3.1.9]). For any category with finite coproducts, to give1078

a Conway operator is to give a trace (where finite coproducts are taken as the monoidal1079

structure).1080

That bijective correspondence is concretely given by the following:1081

f : n → p + n

f† = Trn
n,p(∇n; f) : n → p

g : p + n → q + n

Trn
p,q(g) = inlp,n; (g; ⟨idq, inrq+p,n⟩)† : p → q

1082

10.3 Int construction1083

Given a traced symmetric monoidal category C, we can construct a compact closed category
Int(C). The objects of Int(C) are the pairs (A+, A−) of objects of C. Morphisms f from
(A+, A−) to (B+, B−) are the morphisms f : A+ ⊗ B− → A− ⊗ B+ of C. The identity of any
object (A+, A−) is given by the symmetry of C, namely id(A+,A−) = σA+,A− . The composition
f ; g : (A+, A−) → (C+, C−) of morphisms f : (A+, A−) → (B+, B−) and g : (B+, B−) →
(C+, C−) is defined as

TrB−⊗B+

A+⊗C−,A−⊗C+(α; (f ⊗ g); β)

in C, where α = (idA+ ⊗ σC−,B− ⊗ idB+); (idA+ ⊗ idB− ⊗ σC−,B+) and β = (idA− ⊗ idB+ ⊗1084

σB−,C+); (idA− ⊗ σB+,C+ ⊗ idB−); (idA− ⊗ idC+ ⊗ σB+,B−).1085

Int(C) is equipped with the monoidal structure. The tensor product of (A+, A−) and
(B+, B−) is given by taking the tensor product of C pointwise, namely (A+ ⊗ B+, A− ⊗ B−).
The unit of that monoidal product is given by (I, I), where I is the unit of the monoidal
product on C. The tensor product f ⊗ g : (A+ ⊗ C+, B− ⊗ D−) → (A− ⊗ C−, B+ ⊗ D+) of
f : (A+, A−) → (B+, B−) and g : (C+, C−) → (C+, C−) → (D+, D−) is given by:

f ⊗ g = (idA+ ⊗ σC+,B− ⊗ idD−); (f ⊗ g); (idA− ⊗ σB+,C− ⊗ idD+)

The dual (A+, A−)∗ of (A+, A−) is given by exchanging the components, that is by
(A−, A+). Then, the unit η(A+,A−) : (I, I) → (A+, A−)⊗(A+, A−)∗ is a morphism σA−,A+ : A−⊗
A+ → A+ ⊗A−. The counit ϵ(A+,A−) : (A+, A−)∗ ⊗ (A+, A−) → (I, I) can be similarly given
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by σA−,A+ : A− ⊗ A+ → A+ ⊗ A− in C. Int(C) is equipped with a canonical trace, which
takes a morphism f : (A+, A−) ⊗ (U+, U−) → (B+, B−) ⊗ (U+, U−) to

Tr(U+,U−)
(A+,A−),(B+,B−)(f) =

(
id(A+,A−) ⊗ η(U+,U−)

)
;
(
f ⊗ id(U+,U−)∗

)
;
(
id(B+,B−) ⊗ ϵ(U+,U−)

)
10.4 Pseudometric structure on the semantic category1086

▶ Lemma 70. Let i1, . . . , im ∈ N. For all n ∈ N and for all e, f, g1, . . . , gm, h1, . . . , hm ∈
Exp/∼, we have that

e ∼(n) f∧
j≤m∧
j=1

gj ∼(n) hj =⇒ e[(g1, . . . , gm)/(vi1 , . . . vim
)] ∼(n) f [(h1, . . . , hm)/(vi1 , . . . vim

)]

Proof. Base case holds immediately, since we always have that e[(g1, . . . , gm)/(vi1 , . . . vim
)] ∼(0)

1087

f [(h1, . . . , hm)/(vi1 , . . . vim
)] for all e, f, g1, . . . , gj , h1, . . . , hj ∈ Exp/∼1088

Assume that e ∼(n+1) f , gj ∼(n+1) hj for all j ∈ {1, . . . , m}. For the successor case
assume that e[(g1, . . . , gm)/(vi1 , . . . vim

)] ∼(n) f [(h1, . . . , hm)/(vi1 , . . . vim
)]. We will argue

that
e[(g1, . . . , gm)/(vi1 , . . . vim

)] ∼(n+1) f [(h1, . . . , hm)/(vi1 , . . . vim
)]

To do so, we will study the operational semantics of both (equivalence classes of) expressions.1089

Assume that e[(g1, . . . , gm)/(vi1 , . . . vim)] ▷ vk. Using Remark 40, we can observe that it1090

is the case if any of the following is true:1091

e ▷ vk and vk /∈ {vi1 , . . . vij }1092

e ▷ vil
for some vil

∈ {vi1 , . . . , vij
} and gl ▷ vk1093

Consider the first subcase. Since e ▷ vk (for some k /∈ {vi1 , . . . , vij }) and by assumption1094

e ∼n+1 f , we have that f ▷ vk and hence f [(h1, . . . , hj)/(vi1 , . . . , vij
)] ▷ vk. Now, consider1095

the second subcase. By a similar line of reasoning, we can obtain f ▷ vl and hl ▷ vk. Hence,1096

again we have that f [(h1, . . . , hj)/(vi1 , . . . , vij
)] ▷ vk. In other words, we have shown that1097

e[(g1, . . . , gm)/(vi1 , . . . vim
)] ▷ vk implies f [(h1, . . . , hj)/(vi1 , . . . , vij

)] ▷ vk. One can easily1098

obtain a reverse implication through a symmetric proof.1099

Now, assume that e[(g1, . . . , gm)/(vi1 , . . . vim
)] a−→ s. Using Remark 40, we know that1100

such transition can be made only if any of the following is true:1101

s = e′[(g1, . . . , gm)/(vi1 , . . . vim
)], for some e′ such that e a−→ e′

1102

For some vil
, such that vil

∈ {vi1 , . . . , vim}, we have that e ▷ vl and gl
a−→ s1103

Consider the first subcase. We know that f a−→ f ′ and e′ ∼(n) f ′. Using the induction
hypothesis, we can conclude that

e[(g1, . . . , gm)/(vi1 , . . . , vim
)] ∼(n) f [(h1, . . . , hm)/(vi1 , . . . , vim

)]

Hence, there exists a t, such that f [(h1, . . . , hm)/(vi1 , . . . , vim
)] a−→ t, such that s ∼(n) t.1104

Now, consider the second subcase. We can easily conclude that f ▷ vl and hl
a−→ t, with1105

s ∼(n) t.1106

In other words, we have show that e[(g1, . . . , gm)/(vi1 , . . . , vim
)] a−→ s, then there exists

t, such that f [(h1, . . . , hm)/(vi1 , . . . , vim)] a−→ t, such that s ∼(n) t. The reverse implication
can be again shown via a symmetric argument. Combining all of the above, we can conclude
that

e[(g1, . . . , gm)/(vi1 , . . . , vim
)] ∼(n+1) f [(h1, . . . , hm)/(vi1 , . . . , vim

)] a−→ t

◀1107
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▶ Corollary 71. Let e, f, g1, . . . , gm, h1, . . . , gm ∈ Exp/∼. Then,

bd∂ (e[(g1, . . . , gm/(vi1 , . . . vim)], f [(h1, . . . , hm/(vi1 , . . . vim)]) ≤ max{bd∂(e, f), max
j∈{1,...,m}

{bd∂(gj , hj)}}

Proof. If the right hand side of the inequality is equal to zero, then we have that e ∼ f and1108

gj ∼ hj for j ∈ {1, . . . , m}. We can use Lemma 36, to conclude that e[(g1, . . . , gm/(vi1 , . . . vim)] ∼1109

f [(h1, . . . , hm/(vi1 , . . . vim
)] and hence bd∂(e[(g1, . . . , gm/(vi1 , . . . vim

)], f [(h1, . . . , hm/(vi1 , . . . vim
)]) =1110

0, which implies nonexpansivity.1111

If the right hand side is greater than zero, we can employ the characterisation of bd∂1112

from Theorem 54 and use Lemma 70 to conclude the desired result. ◀1113

▶ Lemma 72. Let e, f ∈ Exp/∼∂ . Then, for all n ∈ N, we have that

e ∼(n) f =⇒ µvx.e ∼(n) µvx.f

Proof. Base case holds immediately, as µvx.e ∼(0) µvx.f for all e, f ∈ Exp/∼.1114

Assume that e ∼(n+1) f . For the successor case assume that µvx.e ∼(n) µvx.f . We will1115

argue that µvx.e ∼(n+1) µvx.f .1116

Assume that µvx.e ▷ vk. It is only the case, when e ▷ vk and vk ≠ vx. Since e ∼(n+1) f ,1117

then f ▷ vk and hence µvx.f ▷ vk. In other words, µvx.e▷ vk implies µvx.f ▷ vk. The reverse1118

implication can be easily obtained via a symmetric proof.1119

Now, assume that µvx.e a−→ s. It is the case, when e a−→ e′ and s = e′[µvx.e/vx]. Since1120

e ∼(n+1) f , then there exists f ′, such that f a−→ f ′ and e ∼(n) f . We can now use induction1121

hypothesis and Lemma 70 and conclude that e′[µvx.e/vx] ∼(n) f ′[µv.f/vx]. Moreover, we1122

have that µv.xf a−→ f ′[µvx.f/vx]. Hence, if µvx.e a−→ s, then there exists t, such that1123

µvx.f a−→ t and s ∼(n) t. A reverse implication can be obtained via a symmetric proof.1124

Combing the above, allows us to conclude that µvx.e ∼(n+1) µvx.f . ◀1125

▶ Corollary 73. Let e, f ∈ Exp/∼. We have that

bd∂(µvx.e, µvx.f) ≤ bd∂(e, f)

Proof. Analogous proof to Corollary 71, but utilising Lemma 72 instead. ◀1126

▶ Lemma 74. Let e, f ∈ Exp/∼. Then for all n ∈ N, a ∈ Σ, we have that

e ∼(n) f =⇒ a.e ∼(n+1) a.f

Proof. a.e does not output anything and so does a.f . Now, assume that a.e a−→ e′. Then,1127

the only possibility is that e′ = e. We can match that transition with an expression a.f that1128

performs an a-labelled transition to f . Since e ∼(n) f , then a.e ∼(n+1) a.f . The remaining1129

condition works through a symmetric line of reasoning. ◀1130

▶ Corollary 75. Let e, f ∈ Exp/∼. Then for all n ∈ N, a ∈ Σ, we have that bd∂(a.e, a.f) ≤1131

1
2 bd∂(e, f)1132

Proof. We employ the characterisation from Theorem 54. If e ∼ f , then by Lemma 361133

we are done. Otherwise, we have that bd∂(e, f) = 2−k and e ∼(k)
∂

f for some k ∈ N. By1134

applying Corollary 75, we get that a.e ∼(k+1) a.f and hence bd∂(e, f) ≤ 2−(k+1) = 1
2 2−k =1135

1
2 bd∂(e, f), as desired. ◀1136
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▶ Lemma 76. Sequential composition in RegBeh is nonexpansive.1137

Proof. Let f, h ∈ RegBeh(n, m) and g, i ∈ RegBeh(m, k).1138

dn,k(f ; g, h; i) = sup
1≤j≤n

{
bd∂ (⟨fj [(g1, . . . , gm)/(v1, . . . , vm)], hj [(i1, . . . , im)/(v1, . . . , vm)])

}
1139

≤ sup
1≤j≤n

{
max

{
bd∂(fj , hj), sup

1≤l≤m
{bd∂(gl, il)}

}}
(Corollary 71)1140

= max{ sup
1≤j≤n

{bd∂(fj , hj)}, sup
1≤l≤m

{bd∂(gl, il)}}1141

= max{dn,m(f, h), dm,k(g, i)}1142

◀1143

▶ Lemma 77. Let f, f ′ : m → k, g, g′ : n → k be morphisms of RegBeh. We have that1144

dm+n,k(⟨f, g⟩, ⟨f ′, g′⟩) ≤ max{dm,k(f, f ′), dn,k(g, g′)}1145

Proof.

dm+n,k(⟨f, g⟩, ⟨f ′, g′⟩) = dm+n,k((f1, . . . , fm, g1, . . . , gn), (f ′
1, . . . , f ′

m, g′
1, . . . , g′

n))1146

= max
{

dm,k((f1, . . . , fm), (f ′
1, . . . , f ′

m)), dn,k((g1, . . . , gm), (g′
1, . . . , g′

m))
}

1147

≤ max
{

dm,k(f, f ′), dn,k(g, g′)
}

1148

1149

◀1150

▶ Lemma 78. The coproduct in RegBeh is nonexpansive.1151

Proof. Let f, h ∈ RegBeh(k, m) and g, i ∈ RegBeh(l, n). Given j ∈ N, such that 1 ≤ j ≤ l,
we define

g′
j = gj [(vm+1, . . . , vm+n)/(v1, . . . , vn)]

Similarly, we write
i′
j = ij [(vm+1, . . . , vm+n)/(v1, . . . , vn)]

Using Corollary 71 one can easily obtain that for all j ∈ N, such that 1 ≤ j ≤ l, we have that1152

bd∂(g′
j , i′

j) ≤ bd∂(gj , ij)1153

Using that fact, we can prove the following1154

dk+l,m+n(f ⊕ g, h ⊕ i) = dk+l,m+n(⟨f1, . . . , fk, g′
1, . . . , g′

l⟩, ⟨h1, . . . , hk, i′
1, . . . , i′

l⟩)1155

= max
{

sup
1≤p≤k

{bd∂(fp, hp)}, sup
1≤j≤l

{bd∂(g′
j , i′

j)}
}

1156

≤ max
{

sup
1≤p≤k

{bd∂(fp, hp)}, sup
1≤j≤l

{bd∂(gj , ij)}
}

1157

= max{dk,m(f, g), dl,n(h, i)}1158

◀1159

▶ Lemma 79. The dagger on RegBeh is nonexpansive.1160
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Proof. Let f, g : n → p + n be morphisms in RefBeh. We proceed by induction on n. If1161

n = 0, then f† = f = 0p = g = g† and hence d0,p(f†, g†) ≤ d0,p(f, g).1162

If n = 1, then we have the following1163

d1,p(f†, g†) = bd∂(µvp+1.f, µvp+1.g) ≤ bd∂(f, g) (Corollary 73)1164

Let n = n′ + 1. Recall, that we can represent f and g in the following way1165

f = ⟨f1, . . . , fn′ , fn′+1⟩ = ⟨⟨f1, . . . , fn′⟩, fn′+1⟩ g = ⟨g1, . . . , gn′ , fg′+1⟩ = ⟨⟨g1, . . . , gn′⟩, gn′+1⟩1166

We can apply the induction hypothesis and obtain the following:

dn′,p+1(⟨f1, . . . , fn′⟩†, ⟨g1, . . . , gn′⟩†) ≤ dn′,n′+p+1(⟨f1, . . . , fn′⟩, ⟨g1, . . . , gn′⟩)

Using it, one can show that:1167

dp+1+n′,p+1 (⟨idp+1, ⟨f1, . . . , fn′⟩†⟩, ⟨idp+1, ⟨g1, . . . , gn′⟩†⟩
)

= dn′,p+1(⟨f1, . . . , fn′⟩†, ⟨g1, . . . , gn′⟩†)1168

≤ dn′,p+1+n′
(⟨f1, . . . , fn′⟩, ⟨g1, . . . , gn′⟩)1169

For the sake of simplicity, let k = fn′+1; ⟨idp+1, ⟨f1, . . . , fn′⟩†⟩ and l = gn′+1; ⟨idp+1, ⟨g1, . . . , gn′⟩†⟩.1170

Using Corollary 71 we know that:1171

d1,p+1(k, l) ≤ max
{

d1,p+1(fn′+1, gn′+1), dp+n′,p+1 (⟨idp+1, ⟨f1, . . . , fn′⟩†⟩, ⟨idp+1, ⟨g1, . . . , gn′⟩†⟩
)}

1172

≤ max{d1,p+1(fn′+1, gn′+1), dn′,p+1+n′
(⟨f1, . . . , fn′⟩, ⟨g1, . . . , gn′⟩)}1173

≤ dn′+1,p+1+n′
(f, g)1174

Because of the above, we can use Corollary 73 and obtain:1175

d1,p(k†, l†) ≤ d1,p+1(k, l) ≤ dn′,p+1+n′
(f, g)1176

Recall the scalar pairing identity, which states that:1177

f† = ⟨⟨f1, . . . , fn′⟩†; ⟨idp, k†⟩⟩, k†⟩ and g† = ⟨⟨g1, . . . , gn′⟩†; ⟨idp, l†⟩⟩, l†⟩1178

We have that1179

dn′+1,p(f†, g†) ≤ max{dn′,p+1(⟨f1, . . . , fn′⟩†; ⟨idp, k†⟩, ⟨g1, . . . , gn′⟩; ⟨idp, l†⟩), d1,p(k†, l†)}1180

≤ max{dn′,1+p(⟨f1, . . . , fn′⟩†, ⟨g1, . . . , gn′⟩†), dp+1,p(⟨idp, k†⟩, ⟨idp, l†⟩), d1,p(k†, l†)
(Corollary 71)

1181

≤ max{dn′,p+1(⟨f1, . . . , fn′⟩†, ⟨g1, . . . , gn′⟩†), d1,p(k†, l†)1182

≤ max{n′,p+1+n′
(⟨f1, . . . , fn′⟩, ⟨g1, . . . , gn′⟩), d1,p(k†, l†)}

(Induction hypothesis)
1183

≤ max{n′,p+1+n′
(⟨f1, . . . , fn′⟩, ⟨g1, . . . , gn′⟩), dn′+1,p+1+n′

(f, g)}1184

= dn′+1,p+1+n′
(f, g)1185

which completes the proof. ◀1186

▶ Corollary 80. The trace on RegBeh is nonexpansive.1187

Proof. Immediate consequence of Theorem 69, Lemma 76 and Lemma 79. ◀1188
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▶ Proposition 81. Equipping each set RegBeh(m, n) of morphisms of RegBeh with a pseudo-1189

metric defined above makes a sequential composition, pairing, parallel composition, dagger1190

and trace into nonexpansive maps.1191

Proof. Follows from Lemma 76, Lemma 77,Lemma 78, Lemma 79, Corollary 80. ◀1192

Every homset Int(RegBeh)((A+, A−), (B+, B−)) of Int(RegBeh) can be equipped with a1193

pseudometric space dA++B−,A−+B+ associated with the homset RegBeh(A+ + B−, A− + B+)1194

of RegBeh.1195

▶ Corollary 82. The fully faithful functor N : RegBeh → Int(RegBeh) is an isometry on1196

homsets.1197

Proof. Let f, g ∈ RegBeh(m, n). From, the definition of N , we immediately have that

dN(m),N(n)(N(f), (N(g)) = dm,n(f, g)

◀1198

▶ Proposition 83. The sequential and parallel composition in Int(RegBeh) is nonexpansive.1199

Moreover, the fully faithful functor N : RegBeh → Int(RegBeh) is locally an isometry, i.e.1200

for all f, g : m → n, we have that dm,n(f, g) = d(m,0),(n,0)(N(f), N(g)).1201

Proof. Immediate consequence of Corollary 80, Lemma 76, Lemma 78 and Corollary 82. ◀1202

11 Soundness1203

▶ Lemma 15 (Soundness). For any two diagrams f, g : v → w of Syn, if f = g then1204

JfK = JgK.1205

Proof. We verify that all equations defining Syn are satisfied. When dealing with left-1206

to-right diagrams, we will make use of the fact that RegBeh fully faithfully embeds into1207

Int(RegBeh) (Theorem 13) and hence it suffices to verify the axioms in RegBeh, rather then1208

in their completion to Int(RegBeh). (A1) is satisfied because of the yanking property of1209

trace operation defined on RegBeh, while (A2) is its dual in Int(RegBeh) and can be verified1210

similarly. (B1), (B2) and (B3) are satisfied because + defined on Exp/≡ is a commutative1211

monoid with 0 being its identity. Similarly, (B4), (B5) and (B6) are satisfied because of the1212

universal property of coproduct on RegBeh and ∇1 being the codiagonal morphism. For1213

(B8) we rely on the fact that ∇1; ⟨v1 + v2⟩ = ⟨v1, v1⟩; ⟨v1 + v2⟩ = ⟨v1 + v2, v1 + v2⟩. (B8)1214

holds because ∇1; ⟨0⟩ = ⟨v1, v1⟩; ⟨0⟩ = ⟨0, 0⟩. (B9) is satisfied because + is idempotent.1215

Finally, (B10) corresponds to taking the dagger of ⟨v1 + v2⟩ and captures the identity1216

µv2.(v1 + v2) = v1 of Milner’s Algebra of Regular Behaviours. Finally, (C1) holds, because1217

∇1; ⟨a.v1⟩ = ⟨v1, v1⟩; ⟨a.v1⟩ = ⟨a.v1, a.v1⟩. ◀1218

▶ Lemma 84. All the inference rules defining the distance on Syn are satisfied in Int(RegBeh).1219

Proof. For most of the rules, the proof is straightforward. The soundness of (Top) follows1220

from the fact that the distance on morphisms of Int(RegBeh) is 1-bounded, while (Max)1221

captures the transitivity of partial order on the rational numbers. (Refl), (Sym) and (Triang)1222

are satisfied because the distance function on each hom-set of Int(RegBeh) is a pseudometric1223

space. (Cont) captures the Cauchy completeness of reals, while (Seq) and (Tens) are immediate1224

consquence of Proposition 83, stating that Int(RegBeh) is PMet-enriched symmetric monoidal1225
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category. For the remaining two rules, we will make use of the fact that the fully faithful1226

embedding N : RegBeh → Int(RegBeh) is an isometry (Section 10.4), hence for the left-1227

to-right diagrams it suffices to check the rules in RegBeh. The soundness of (Pref) is an1228

immediate consequence of Corollary 75. Finally, (Codel) follows from the uniqueness of maps1229

from the initial object in RegBeh. ◀1230

▶ Theorem 16 (Quantitative soundness). Every derivable equation f ≡ε g is valid.1231

Proof. Induction on the length of derivation and the usage of Lemma 84. ◀1232

12 Completeness1233

▶ Lemma 85 (Trace canonical form). For any diagram d :▶m→▶n, we can always find a1234

relation-diagram c :▶ℓ+m→▶ℓ+n such that1235

d
nm = c nm

ℓ

x
1236

where x
ℓ denotes a vertical composite of ℓ-many a generators.1237

Proof. The proof is the same as [38, Lemma 4.11] which only uses the axioms of SMCs. ◀1238

▶ Lemma 86. For any guarded matrix-diagram c :▶ℓ→▶m and any two diagrams d1, d2 :1239

▶m→▶n such that1240

d1
nm ≡ϵ d2

nm
1241

we have1242

n
d1cℓ ≡ϵ/2

n
d2cℓ

1243

Proof. We rely on the definition of guarded matrix diagrams. Recall that since c is guarded,1244

we can factor it as1245

c
mℓ = a⃗ c1

mkkc0
ℓ

1246

where c0 is a diagram composed only of , , a⃗ is a vertical composite of k ai1247

generators, and c1 is a diagram composed only of , . Hence,1248

d1
nm ≡ϵ d2

nm c1
mk ≡0 c1

mk

c1 d1
mkk ≡ϵ c1 d2

mkk a⃗ ∈ Σk
(Seq)

c1 d1
mkk

a⃗
k ≡ϵ/2 c1 d2

mkk
a⃗

k c0
mk ≡0 c0

mk
(Pref)

c1 d1
mkk

a⃗
kc0

ℓ ≡ϵ/2 c1 d2
mkk

a⃗
kc0

ℓ
(Seq)1249

The last line is what we wanted to show. ◀1250

▶ Theorem 19. Any diagram ▶m→▶n has a representation.1251

Proof. The proof is the same as [38, Proposition 4.7]. All axioms used in that proof are in1252

our theory. ◀1253
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▶ Lemma 87. For any matrix-diagram d :▶m→▶n, we have1254

d
m

n

d
m

= d

m
n

m1255

Proof. See [38, Lemma 4.9] (co-cpy). It is a simple structural induction. For the base cases,1256

all the generators of matrix-diagrams satisfy the equality of the lemma, by axioms (B5),1257

(B7),(B8), and (C1). The inductive cases are straightforward. ◀1258

▶ Lemma 20. For any matrix-diagram d :▶n→▶n, d =
d

d
.1259

Proof.

d
(B7)= d (A1)= d

1260

(SMC)= d (A1)= d1261

(Lemma 87)=
d

d
(A1)=

d

d
1262

◀1263

▶ Theorem 22. For any diagram d :▶m→▶n, we have that d
m

n

d
m

≡0 d

m
n

m .1264

Proof. First, by Theorem 19, we can find a matrix-diagram, a :▶ℓ+m→▶ℓ+m and a relation-1265

diagram o :▶ℓ+m→▶ such that1266

d
nm =

ℓ

o

c

nm
1267

We will show that1268

n

o

c
m + ℓ

o

c
m + ℓ

≡0
n

o

cm + ℓ

m + ℓ1269

from which the statement of the lemma immediately follows, by pre-composing with .1270
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Since c : m + ℓ → m + ℓ is a guarded matrix-diagram, so is1271

cm + ℓ

cm + ℓ

m + ℓ

m + ℓ

1272

Therefore, by Lemma 86, we get1273

n

o

c

o

c

cm + ℓ

cm + ℓ

≡1/2
n

c
o

c

m + ℓ

cm + ℓ

1274

and thus,1275

n

o

c

o

c

cm + ℓ

cm + ℓ

o

o

1276

≡1/2 nc
o

ccm + ℓ

m + ℓ
o

o

1277

We also have1278

nc
o

ccm + ℓ

m + ℓ
o

o

≡0
n

c
o

ccm + ℓ

m + ℓ

o

≡0 c

ccm + ℓ

m + ℓ o
n ≡0

c

c

m + ℓ

m + ℓ o
n

1279

where the last step uses Lemma 87 and (Refl) to merge the two occurrences of the matrix-1280
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diagram c. Resuming, we get1281

c

c

m + ℓ

m + ℓ o
n ≡0

c

c
m + ℓ

m + ℓ o
n

≡0

c

c
o

n
m + ℓ

m + ℓ
≡0

n
o

cm + ℓ

m + ℓ

1282

We can show in the same way that1283

n

o

c

o

c

cm + ℓ

cm + ℓ

o

o

≡0
n

o

c
m + ℓ

o

c
m + ℓ

1284

Thus, we have shown that1285

n

o

c
m + ℓ

o

c
m + ℓ

≡1/2
n

o

cm + ℓ

m + ℓ1286

In the same way, we can show that1287

n

o

c
m + ℓ

o

c
m + ℓ

≡2−n
n

o

cm + ℓ

m + ℓ1288

for any n ∈ N and thus, by the continuity axiom (Cont), we conclude that1289

n

o

c
m + ℓ

o

c
m + ℓ

≡0
n

o

cm + ℓ

m + ℓ1290

as we wanted to show. ◀1291
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▶ Lemma 88. Let e, f :▶→▶n, such that JeK = N(s) and JfK = N(d), where s, t ∈1292

RegBeh(1, n). We have that1293

u

v
e

n
n

n

f

}

~ = N (⟨s, t⟩)1294

Proof.
u

v
e

n
n

n

f

}

~ = (N(s) ⊕ N(f)); N(∇1)1295

= N((s ⊕ t); ∇1) (Functoriality of N)1296

= N(⟨s, t[v2/v1]⟩; ⟨id1, id1⟩)1297

= N(⟨s, t⟩)1298

1299

◀1300

▶ Lemma 89. Let e1, e2, f1, f2 : ▶→▶n. We have that1301

dN(2),N(n)

u

v
e1

n
n

n

f1

}

~ ,

u

v
e2

n
n

n

f2

}

~

1302

= max
{

dN(1),N(n)
(r

e1
n
z

,
r

e2
n
z)

, dN(1),N(n)
(r

f1
n
z

,
r

f2
n
z)}

1303

Proof. Since e1, e2, f1, f2 are left-to-right diagrams, we can safely assume that there exist1304

s1, s2, t1, t2 ∈ RegBeh(1, n) such that Jc1K = N(s1),Jc2K = N(s2),Jd1K = N(t1). We have the1305

following1306

dN(2),N(n)

u

v
e1

n
n

n

f1

}

~ ,

u

v
e2

n
n

n

f2

}

~

1307

= dN(2),N(n)(N(⟨e1, f1⟩), N⟨e2, f2⟩) (Lemma 88)1308

= d2,n(⟨e1, f1⟩, ⟨e2, f2⟩) (Corollary 82)1309

= max{bd∂(e1, e2), bd∂(f1, f2)} (Def. in distance of RegBeh)1310

= max{d1,n(e1, e2), d1,n(f1, f2)}1311

= max{dN(1),N(n)(N(e1), N(e2)), dN(1),N(n)(N(f1), N(f2))} (Lemma 88)1312

= max
{

dN(1),N(n)
(r

e1
n
z

,
r

e2
n
z)

, dN(1),N(n)
(r

f1
n
z

,
r

f2
n
z)}

1313

◀1314

Let F = {fi : ▶→▶n}i∈I be an indexed collection of string diagrams. Given a finite
indexed collection A = {fi1 , . . . , fik

}k∈K ⊆ F of string diagrams from the set F , we define
its convolution to be the string diagram RA : ▶→▶n given by

fi1

fik

n

n

n

...
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If two finite indexed collections A and B of elements of F are equivalent modulo ACI1315

(Associativity, Commutativity, Idempotence) then their convolutions are at distance zero1316

from each other. Hence, given a finite subset of F we can unambiguously talk about its1317

convolution.1318

▶ Lemma 90. Any two finite indexed collections A = {fi1 , . . . , fik
}k∈K and B = {gi1 , . . . , gik

}k∈K1319

that are equal as sets, then their convolution are at distance zero from each other.1320

Proof. It is enough to show that the convolution of two string diagrams is an associative,1321

commutative and idempotent operation (up to ≡0).1322

Associativity: For any f1, f2, and f3, we have1323

f3

n

n

n
f1

f2
n

n

=

f3

n

n

n
f1

f2
n

n

1324

=

f3

n

n

n

f1

f2
n

n

1325

Commutativity:

n
f1

f2
n

n

= n
f1

f2
n

n

1326

= n
f2

f1
n

n

1327

= n
f2

f1
n

n

1328

Idempotence:

n
f1

f1
n

n

≡0 f1
n (Lemma 22)1329

= f1
n

1330

◀1331

▶ Lemma 24. For any two c, d :▶→▶n, we have that
u

v
e

n
n

n

f

}

~ = JeK + JfK.1332

Proof. First, since c and d are left-to-right, there exists expressions s, t ∈ RegBeh(1, n), such1333

that JcK = N(s) and JdK = N(t). Then,1334

u

v
e

n
n

n

f

}

~ =
r z

; (JcK ⊕ JdK);
r z

1335
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= N(v1 + v2); (N(s) ⊕ N(f)); N(∇1)1336

= N((v1 + v2); (s ⊕ f); ∇1) (Functoriality of N)1337

= N(s + f) (Definition of N)1338

= N(s) + N(t) = JcK + JdK1339

◀1340

▶ Lemma 91. For any diagram f :▶m→▶n, if

f
nm ≡0 n

o

c

for some guarded matrix-diagram c :▶ℓ+m→▶ℓ+m and a relation-diagram o :▶ℓ+m→▶n,
then, for all i ∈ {1, . . . , m} we can find {aj , fij }1≤j≤k, and {vqj }1≤j≤ℓ such that

fi
n ≡0

fi1

fik n

n

na1

ak
n

vq1

...

...
vqr

n

where fi, 1 ≤ i ≤ m and vqj
, 1 ≤ i ≤ ℓ are defined as above.1341

Proof. First, by unrolling (Lemma 20),we have1342

f
nm ≡0 n

o

c

≡0

c

c
n

o

o

m
1343

Thus, for any i ∈ {1, . . . , m}, say i = m for simplicity, we get1344

fm
n ≡0

m − 1

o

c

c

o

n ≡0

c

o

n
f

1345

≡0

c

o

n

f1

fm

...
1346

≡0

cm

om

n

f1

fm

...
1347
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≡0

f1

fm n

c1
m

cn
m

om

...
1348

≡0

f1

fm n

c1
m

cn
m

...

o1
m

on
m

...

1349

where ci
m is either a for some a ∈ Σ, when there is an a-transition connecting its only1350

input wire to some fj , or otherwise (recall that c is guarded), and oi
m is either an1351

identity, when the only input of om is connected to some output wire, or otherwise.1352

Since all fj connected to some can be removed (using co-deleting), we get the1353

equality we wanted. ◀1354

▶ Lemma 25. For any diagram f : ▶m→▶n and fi, 1 ≤ i ≤ m defined as above, for all1355

i ∈ {1, . . . , m}, we can derive1356

fi
n ≡0

fi1

fik n

n

na1

ak
n

vq1

...

...
vqr

n

1357

where, for 1 ≤ j ≤ ℓ, each vqj
:▶→▶n is a diagram encoding the output variables to which the1358

i-th input wire of f is directly connected, that is, without going through any a generator1359

(in particular, each vqj is a monoidal product of a single identity with n − 1 generators).1360

Proof. Follows from Theorem 19 and Lemma 91. ◀1361

▶ Lemma 92. For any f :▶m→▶n and fi, 1 ≤ i ≤ m defined as above, for all i ∈ {1, . . . , m},1362

we have that1363

JfiK =
k∑

j=1
aj .

q
fij

y
+

ℓ∑
j=1

Jvqk
K if fi

n ≡0

fi1

fik n

n

na1

ak
n

vq1

...

...
vqr

n

1364

where, for 1 ≤ j ≤ ℓ, each vqj
:▶→▶n is a diagram encoding the output variables, as defined1365

in Lemma 25.1366

Proof. This is a consequence of Lemma 24. ◀1367

▶ Remark 93. Let F be a set of string diagrams of the type ▶→▶n. The set Σ × F + Vn is
isomorphic to the set

G =
{

fj
na | a ∈ Σ, fj ∈ F

}
∪
{

vs
n | 1 ≤ s ≤ n

}
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▶ Lemma 94. Let F be a set of string diagrams of the type ▶→▶n that is equipped with a1368

1-bounded pseudometric dF : F × F → [0, 1]. Assume that for all fi, fk ∈ F , ε ∈ Q≥0, such1369

that dF (fi, fk) ≤ ε, we have that fi
n ≡ε fk

n is derivable. For all gu, gv ∈ G,1370

with G defined as above and all ε ∈ Q≥0, such that d↑
F (gu, gv) ≤ ε, we have that gu

n ≡ε1371

gv
n is derivable.1372

Proof. Let ε ≥ d↑
F (gu, gv). First, consider the case, when gu

n = fi
na1373

and gv
n = fk

na . We have that d↑
F (gu, gv) = 1

2 dF (fi, fk) and hence1374

2ε ≥ dF (fi, fk). By the assumption, we know that fi
n ≡2ε fk

n is derivable.1375

Using (Pref), we can derive fi
na ≡ε fk

na , which is the same as1376

gu
n ≡ε gv

n. In all the remaining cases, d↑
F behaves like a discrete pseudometric,1377

hence there are two remaining subcases. In the situation when gu
n = gv

n, we1378

have that d↑
F (gu, gv) = 0 and hence we can derive gu

n ≡ε gv
n by first applying1379

(Refl) and then (Max). Othwerise, when gu
n ̸= gv

n, we have that d↑
F (gu, gv) = 11380

and hence we can derive gu
n ≡ε gv

n by first applying (Top) and then (Max). ◀1381

▶ Lemma 95. Let F be a finite set of string diagrams of the type ▶→▶n that is equipped1382

with a 1-bounded pseudometric dF : F × F → [0, 1]. Assume that for all fi, fk ∈ F , ε ∈ Q≥0,1383

such that dF (fi, fk) ≤ ε, we have that fi
n ≡ε fk

n is derivable. Then, for all1384

A, B ⊆ F and all ε ∈ Q≥0, such that H(dF )(A, B) ≤ ε, we have that RA
n ≡ε RB

n
1385

is also derivable.1386

Proof. Pick an arbitrary ε ∈ Q≥0, such that H(dF )(A, B) ≤ ε. If A = B = ∅, then by the
usage of (Refl) and (Max) we are done. Similarly, when only one of A and B is empty, that we
can immediately obtain the desired result using (Top) and (Max) rules. From now on, we can
safely assume that A and B are nonempty. Recall the characterisation of Hausdorff distance
from Remark 42. One can easily observe that in the case when A and B are nonempty, the
set Γ(A, B) of relational couplings between A and B is nonempty and hence

H(dF )(A, B) = min
{

sup
(fi,fk)∈R

dF (fi, fk) | R ∈ Γ(A, B)
}

≤ ε

There must exist some optimal coupling Rmin ∈ Γ(A, B), which witnesses the above minimum.
Hence, we have that sup(fi,fk)∈Rmin dF (fi, fk) ≤ ε, which in turn implies that dF (fi, fk) ≤ ε

for all (fi, fk) ∈ Rmin. Using the assumption, we know that for all pairs (fi, fk) ∈ Rmin, we
have that

fi
n1 ≡ε fk

n1

For the sake of simplicity, assume that Rmin = {(fi1 , fk1), . . . , (fij
, fkj

)}. Using the (Tens)
rule we can stack in parallel all these pairs and obtain:

fi1

fij

n

n

... ≡ε

fk1

fkj

n

n

...
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Using the (Seq) rule, we can derive that

fi1

fij

n

n

n

... ≡ε

fk1

fkj

n

n

n

...

From the definition of relational couplings, we have that π1(Rmin) = A and π2(Rmin) = B1387

and hence the diagrams above are convolutions of the sets A and B respectively. This allows1388

us to conclude that RA
n1 ≡ε RB

n1 is derivable. ◀1389

▶ Lemma 28. Let f :▶m→▶n, fi, 1 ≤ i ≤ m and (Qf , β) be defined as above. For all1390

fg, fh ∈ Qf , all p ∈ N and any ε ≥ Φ(p)
β (fg, fh), we have that fg

n ≡ε fh
n is1391

derivable.1392

Proof. Pick an arbitrary fg, fh ∈ Qf . By induction on p. When p = 0, Φ(p)
β is a discrete1393

pseudometric on the set Qf and hence for all ε ≥ Φ(p)
β (fg, fh), we can derive fg

n ≡ε1394

fh
n using (Refl), (Top) and (Max) rules, similarly to the proof of Lemma 94. For the1395

induction step, when p = p′ + 1. Recall that Φp′+1
β (fg, fh) = H

(
Φ(p′)

β

↑
)

(β(fg), β(fh)). Pick1396

an arbitrary ε ≥ H
(

Φ(p′)
β

↑
)

(β(fg), β(fh)). In order to derive that fg
n ≡ε fh

n,1397

we will rely on Lemma 95. In order to use it, we need to be able to derive approximations1398

to the distance given by Φ(p′)
β

↑
on the string diagrams representing the elements of the set1399

Σ × Qf + Vn (see Remark 93). For this we will use Lemma 94, which requires that for1400

all fg′ , fh′ ∈ Qf , ε′ ≥ Φ(p′)
β one can derive that fg′

n ≡ε′ fh′
n. This in turn is1401

guaranteed by the induction hypothesis, which completes the proof. ◀1402

▶ Corollary 96. A function mapping each state fi ∈ Qd to JfiK is a prechart homomorphism1403

from (Qd, β) to Ω1404

Proof. Immediately follows from Lemma 92 and the definition on transition structure on1405

Exp/∼ (given by Lemma 37). Essentially, homomorphisms are maps that preserve and reflect1406

prechart transitions [41, Example 2.1] and (Qd, β) is precisely defined to satisfy this. ◀1407

▶ Lemma 26. For all fi, fj ∈ Qf , we have that bdβ(fi, fj) = bd(JfiK , JfjK)1408

Proof. Follows from Corollary 96 and Theorem 6. ◀1409

▶ Lemma 29. Let f :▶m→▶n and fi, 1 ≤ i ≤ m be defined as above. For all g, h ∈1410

{1, . . . , m}, any valid equation fg
n ≡ε fh

n is derivable.1411

Proof. Let fg
n ≡ε fh

n be valid, that is bd∂(JfgK , JfhK) ≤ ε. We will rely on

(Cont) rule. In order to deduce that fg
n ≡ε fh

n we need to show that for

all ε′ > ε, we have that fg
n ≡ε′ fh

n is derivable. Since ε′ > ε, we have that
bd∂(JfgK , JfhK) < ε′. Because of Lemma 26 and Corollary 49, we have that

inf
p∈N

{
Φ(p)

β (fg, fh)
}

< ε′
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We will argue that there exists p ∈ N, such that Φ(p)
β (fg, fh) < ε′. For the sake of an argument,1412

assume that for all p ∈ N, we have that Φ(p)
β (fg, fh) ≥ ε′. This would make ε′ into the lower1413

bound of the ω-cochain
{

Φ(p)
β (fg, fh)

}
p∈N

and hence ε′ ≤ infp∈N

{
Φ(p)

β (fg, fh)
}

< ε′, which1414

leads to contradiction. Combining that argument with Lemma 28 allows us to conclude that1415

fg
n ≡ε′ fh

n is derivable, which completes the proof. ◀1416

▶ Theorem 30. Let f, g : ▶m→▶n. Any valid equation f
nm ≡ε g nm is derivable.1417

Proof. Assume that f
nm ≡ε g nm is valid. Recall that because of Lemma 23, we1418

have that1419

f
nm ≡0

f1

fm

n

n

n

... and g nm ≡0

g1

gm

n

n

n

...1420

Assume that JfiK = N(si) and JgiK = N(ti) for 1 ≤ i ≤ m. Because of Lemma 89, we have
that d1,n(si, ti) ≤ ε. We will consider the following diagram

f

g

n

n

n

≡0

f1

fn n

n

n

n

g1
...
gn

n

...

Using Lemma 25, we can show that each of the ▶→▶m subdiagrams is in the form allowing
to use Lemma 29. In turn, that lemma allows to derive any valid equations between the
subdiagrams mentioned above. In particular, we can derive that fi

m ≡ε gi
m for all

1 ≤ i ≤ m. We can use (Tens) rule to derive

f1

fm
n

n

... ≡ε

g1

gm
n

n

...

We can then apply (Seq) to postcompose co-copying to the diagrams above to obtain

f1

fm

n

n

n

... ≡ε

g1

gm

n

n

n

...

By previous reasoning and (Triang) rule this is the same as

f nm ≡ε g nm

which completes the proof. ◀1421

▶ Lemma 18. There are bijections between the sets Syn(v1◀v2, w) and Syn(v1v2, w▶), and
between Syn(v, w1◀w2) and Syn(v▶, w1w2), i.e. between sets of string diagrams of the form

v1
w

v2 and
v1 w

v2 as well as between
w1

v
w2 and

w1v

w2
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where v, w, vi, wi are words over {▶,◀}.1422

Proof. The lemma holds in any compact closed category and relies on the ability to bend1423

wires using and . Explicitly, given a diagram of the first form, we can obtain one of the1424

second form as follows:1425

v1
w

v2 7→
v1

w
v21426

The inverse mapping is given by the same wiring with the opposite direction. That they1427

are inverse transformations follows immediately from the defining axioms of compact closed1428

categories (A1-A2).1429

v1
w

v2 7→
v1

w
v2

(A1)=
v1

w
v21430

The other bijection is constructed analogously. ◀1431

Intuitively, Lemma 18 tells us that we can always bend incoming wires to the left and outgoing1432

wires to the right to obtain a ▶m→▶n diagram from any given diagram. Let S(f) :▶m→▶n
1433

be the diagram obtained by applying the bijections of Lemma 18 to a diagram f : v → w1434

until all the objects occurring in its domain and codomain are ▶.1435

▶ Lemma 97. Given two diagrams f, g : v → w, S(f) = S(g) iff f = g.1436

Proof. The idea is that, if S(f) = S(g), we can always show that f = g using a similar1437

derivation, by simply applying the transformation of Lemma 18 before using the derivation1438

that S(f) = S(g), and then recover the original orientation of the wires by bending them1439

back into their original place afterwards; and the same idea applies to show that f = g1440

implies S(f) = S(g). ◀1441

▶ Theorem 31 (Quantitative completeness). Let f, g : v → w be two arbitrary diagrams. Any1442

valid equation f wv ≡ε g wv is derivable.1443

Proof. It is not too hard to see that a mapping JfK → JS(f)K is an isometry. Namely, given1444

a pair f, g : v → w we obtain S(f) and S(g) by postcomposing (or precomposing1445

) which because of Proposition 83 preserves distances. Hence, if f wv ≡ε g wv is1446

valid, so is S(f) nm ≡ε S(g) nm . The rest follows as a consequence of Theorem 30. ◀1447
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